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(•~^ I Abstract 

I We prove that every 3-coloring of the edges of the complete graph on n vertices without a 

^ ' rainbow triangle contains a set of order f2 (n^^^ log^ n) which uses at most two colors, and this 

bound is tight up to a constant factor. This verifies a conjecture of Hajnal which is a case of 
the multicolor generalization of the well-known Erdos-Hajnal conjecture. We further establish a 
generalization of this result. For fixed positive integers s and r with s < r, we determine a constant 
Cr,s such that the following holds. Every r-coloring of the edges of the complete graph on n vertices 
without a rainbow triangle contains a set of order fl (n'"'^''~^)/'''^*~^)(logn)'^'' =) which uses at most s 
colors, and this bound is tight apart from the implied constant factor. The proof of the lower bound 
utilizes Gallai's classification of rainbow-triangle free edge-colorings of the complete graph, a new 
weighted extension of Ramsey's theorem, and a discrepancy inequality in edge- weighted graphs. The 
proof of the upper bound uses Erdos' lower bound on Ramsey numbers by considering lexicographic 
products of 2-edge-colorings of complete graphs without large monochromatic cliques. 
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1 Introduction 

in , 

0^ . A classical result of Erdos and Szekeres [8], which is a quantitative version of Ramsey's theorem |17| . 

implies that every graph on n vertices contains a clique or an independent set of order at least i log n. 
! "1-1 

, In the other direction, Erdos [6] showed that a random graph on n vertices almost surely contains no 
I clique or independent set of order 2 log n. 

An induced subgraph of a graph is a subset of its vertices together with all edges with both endpoints 
in this subset. There are several results and conjectures indicating that graphs which do not contain 
a fixed induced subgraph are highly structured. In particular, the most famous conjecture of this sort 
by Erdos and Hajnal [7j says that for each fixed graph H there is e = e{H) > such that every graph 
G on n vertices which does not contain a fixed induced subgraph H has a clique or independent set of 
order n'^. This is in stark contrast to general graphs, where the order of the largest guaranteed clique 
or independent set is only logarithmic in the number of vertices. 

There are now several partial results on the Erdos-Hajnal conjecture. Erdos and Hajnal [7] proved 
that for each fixed graph H there is e = e{H) > such that every graph G on n vertices which does 
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not contain an induced copy of H has a clique or independent set of order e'^^'°s". Fox and Sudakov 
[9], strengthening an earher result of Erdos and Hajnal, proved that for each fixed graph H there is 
e = e{H) > such that every graph G on n vertices which does not contain an induced copy of H has 
a balanced complete bipartite graph or an independent set of order n^. All graphs on at most four 
vertices are known to satisfy the Erdos-Hajnal conjecture, and Chudnovsky and Safra [1] proved it for 
the 5-vertex graph known as the bull. Alon, Pach, and Solymosi [1] proved that if Hi and H2 satisfy 
the Erdos-Hajnal conjecture, then for every v of Hi, the graph formed from H by substituting u by a 
copy of H2 satisfies the Erdos-Hajnal conjecture. The recent survey [3] discusses many further related 
results on the Erdos-Hajnal conjecture. 

A natural restatement of the Erdos-Hajnal conjecture is that for every fixed red-blue edge-coloring 
X of a complete graph, there is an e = e(x) > such that every red-blue edge-coloring of the complete 
graph on n vertices without a copy of x contains a monochromatic clique of order n'^. Indeed, for the 
graphs H and G, we can color the edges red and the nonadjacent pairs blue. 

Erdos and Hajnal also proposed studying a multicolor generalization of their conjecture. It states 
that for every fixed A;-coloring of the edges of x of a complete graph, there is an e = e{x) > such that 
every /c-coloring of the edges of the complete graph on n vertices without a copy of x contains a clique 
of order which only uses k — 1 colors. They proved a weaker estimate, replacing by e*^^^"^". Note 
that the case of two colors is what is typically referred to as the Erdos-Hajnal conjecture. 

Hajnal [Hj conjectured the following special case of the multicolor generalization of the Erdos-Hajnal 
conjecture holds. There is e > such that every 3-coloring of the edges of the complete graph on n 
vertices without a rainbow triangle (that is, a triangle with all its edges different colors), contains a set 
of order which uses at most two colors. We prove Hajnal's conjecture, and further determine a tight 
bound on the order of the largest guaranteed 2-colored set in any such coloring. A Gallai coloring is a 
coloring of the edges of a complete graph without rainbow triangles, and a Gallai r-coloring is a Gallai 
coloring that uses r colors. 

Theorem 1.1 Every Gallai 3-coloring on n vertices contains a set of order ^(n^/^log^n) which uses 
at most two colors, and this hound is tight up to a constant factor. 

To give an upper bound, we use lexicographic products. We will let [m] = {!,..., m} denote the set 
consisting of the first m positive integers. 

Definition 1.2 Given edge- colorings Fi of and F2 of using colors from R, the lexicographic 
product coloring Fi F2 of E{Kmim2) is defined on any edge e = {{ui,vi),{u2,V2)} (where we take 
the vertex set of Kmim2 to be [mi] x [m2]) to be Fi{ui,U2) if ui 7^ U2, and otherwise vi ^ V2 and it is 
defined to he -^2(^^11 ^2)- 

That is, there are mi disjoint copies of F2 and they are connected by edge colors defined by Fi. 

The upper bound in Theorem 11.11 is obtained by taking the lexicographic product of three 2-edge- 
colorings of the complete graph on n^/^ vertices, where each pair of colors is used in one of the colorings, 
and the largest monochromatic clique in each of the colorings is of order O(logn). A simple lemma 
in the next section shows that, in a lexicographic product coloring F = Fi F2, the largest set of 
vertices using only colors red and blue (for example) in F has size equal to the product of the size of 
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the largest set of vertices using only colors red and blue in Fi with the size of the largest set of vertices 
using only colors red and blue in F2. For any set S of two of the three colors, the largest such set has 
order 0(n^/^)0(log n)0(log n) = ©(n^/^log^ n). 

In the other direction, we will utilize the following important structural result of Gallai [Tl] on 
edge-colorings of complete graphs without rainbow triangles. 

Lemma 1.3 An edge-coloring F of a complete graph on a vertex set V with \V\ > 2 is a Gallai coloring 
if and only if V may be partitioned into nonempty sets Vi, . . . ,Vt with t > 1 so that each Vi has no 
rainbow triangles under F, at most two colors are used on the edges not internal to any Vi, and the 
edges between any fixed pair {Vi,Vj) use only one color. Furthermore, any such substitution of Gallai 
colorings for vertices of a 2 -edge- coloring of a complete graph Kt yields a Gallai coloring. 

Gallai colorings naturally arise in several areas including in information theory |15j . in the study 
of partially ordered sets, as in Gallai's original paper [11], and in the study of perfect graphs [2]. 
There are now a variety of papers which consider Ramsey- type problems in Gallai colorings (see, e.g., 
[3 Eni [T^ I13j). However, these works mainly focus on finding various monochromatic subgraphs in 
such colorings. 

Because it may be of independent interest to the reader, we first present a particularly simple 
approach that will prove Hajnal's conjecture, but will not give tight bounds. 

A graph is a cograph if it has at most one vertex, or if it or its complement is not connected, and all 
of its induced subgraphs have this property. In other words, the family of cographs consists of all those 
graphs that can be obtained from an isolated vertex by successively taking the disjoint union of two 
previously constructed cographs, Gi and G2, or by the join of them that we get by adding all edges 
between Gi and G2. It was shown by Seinsche jT8] that cographs are precisely those graphs which do 
not contain the path with three edges as an induced subgraph. It is easy to check by induction that 
every cograph is a perfect graph, that is, the chromatic number of every induced subgraph is equal to 
its clique number. 

Proposition 1.4 In any Gallai 3-coloring of a complete graph, there is an edge-partition of the com- 
plete graph into three 2-colored subgraphs, each of which is a cograph. 

Proof: This follows from Gallai's structure theorem by induction on the number of vertices. The 
result is trivial for edge-colorings of complete graphs with fewer than two vertices, which serves as 
the base case. Using Lemma 11.31 we get a nontrivial vertex partition of the Gallai 3-coloring of the 
complete graph into parts Vi,...,Vt such that only two colors appear between the parts. By the 
induction hypothesis, we can partition the edge-set of the complete graph on Vi into three cographs, 
each which is two-colored. For the two colors that go between the parts, we take the graph which is 
the join of the cographs in each Vi, that is, add all edges between the parts, and for each of the other 
two pairs of colors, we just take the disjoint union of the cographs of those two colors from each part. 
Since the join or disjoint union of cographs are cographs, this completes the proof by induction. □ 

The following corollary verifies Hajnal's conjecture and, apart from the two logarithmic factors, gives 
the lower bound in Theorem II. li 

Corollary 1.5 Every Gallai 3-coloring of E{Kn) contains a 2-colored clique with at least n^^^ vertices. 
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Proof: Indeed, applying Proposition [T31 either the first cograph (which is 2-colored) contains a cHque 
of order n^/^ (in which case we are done), or it contains an independent set of order n^/^. In the latter 
case, this independent set of order r?!"^ in the first cograph contains in the second cograph a clique of 
order n^^^ or an independent set (which is a clique in the third cograph) of order n^/'^. We thus get a 
clique of order n^^^ in one of the three cographs, which is a 2-colored set. □ 

Improving the lower bound further to Theorem 11.11 appears to be considerably harder, and uses a 
different proof technique, relying on a weighted version of Ramsey's theorem and a carefully chosen 
induction argument. The weighted version of Ramsey's theorem shows that if each vertex of a complete 
graph on t vertices is given a positive red weight and a positive blue weight whose product is one, then 
in any red-blue edge-coloring of Kt^ there is a red clique S and a blue clique U such that the product of 
the red weight of S (the sum of the red weights of the vertices in S") and the blue weight of U (the sum 
of the blue weights of the vertices in [/) is (log^ t) . Note that this extends the quantitative version 
of Ramsey's theorem as the case in which all the red and blue weights are one implies that there is a 
monochromatic clique of order r2(logt). 

We further consider a natural generalization of this problem to more colors, and give a tight bound 
in the next theorem. In order to state the result more succinctly, we introduce some notation: for 
positive integers r and s with s < r, let 

1 ifl = s<rorifs = r — 1 and r is even; 

s{r — s) if 1 < s < r — 1; 
1 + ^ if s = r — 1 and r is odd; 
if s = r. 

Theorem 1.6 Let r and s be fixed positive integers with s < r. Every r- coloring of the edges of the 
complete graph on n vertices without a rainbow triangle contains a set of order n{n^'^^^'^ log'^'"''' n) 
which uses at most s colors, and this bound is tight apart from the constant factor. 

We next give a brief discussion of the proof of Theorem 1 1.6 1 The case s = r is trivial as the complete 
graph uses at most r colors. The case s = 1 is easy. Indeed, in this case, by the Erdos-Szekeres 
bound on Ramsey numbers for r colors, there is a monochromatic set of order O(logn), where the 
implied positive constant factor depends on r. In the other direction, we give a construction which we 
conjecture is tight. 

The Ramsey number r(t) is the minimum n such that every 2-coloring of the edges of the complete 
graph on n vertices contains a monochromatic clique of order t. The bounds mentioned in the beginning 
of the introduction give 

2*/2 < r{t) < 2^* for t > 2. For r even, consider a lexicographic product of r/2 
colorings, each a 2-edge coloring of the complete graph on r(t) — 1 vertices with no monochromatic 
Kf. This gives a Gallai r-coloring of the edges of the complete graph on (r(t) — ly^'^ vertices with 
no monochromatic clique of order t. A similar construction for r odd gives a Gallai r-coloring of the 
edges of the complete graph on {t — 1) {r{t) — l)(''~^)/^ vertices with no monochromatic clique of order 
t. The following conjecture which states that these bounds are best possible seems quite plausible. It 
was verified by Chung and Graham [5] in the case t = 3. 

Conjecture 1.7 Let N{r, t) = (r(t) - lY^^ for r even and N{r, t) = {t- 1) (r(t) - l)(^-i)/2 for r odd. 
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For n > N{r, t), every r -coloring of the edges of the complete graph on n vertices has a rainbow triangle 
or a monochromatic Kf. 

Having verified the easy cases s = 1 and s = r of Theorem II. 6 1 for the rest of the paper, we assume 
1 < s < r. A natural upper bound on the size of the largest set using at most s colors comes from the 
following construction. We will let [r] be the set of colors. Consider the complete graph on [r], where 
each edge P gets a positive integer weight np such that the product of all np is n. For each edge P 
of this complete graph, we consider a 2-coloring cp of the edges of the complete graph on np vertices 
using the colors in P and whose largest monochromatic clique has order O (log np), which exists by 
Erdos lower bound [6] on Ramsey numbers. We then consider the Gallai r-coloring c of the complete 
graph on n vertices which is the lexicographic product of the (2) colorings of the form cp. For each 
set S of colors, the largest set of vertices in this edge-coloring of Kn using only colors in S has order 

Y{np O (log np). 

Pes |Pns|=i 

The order of the largest set using at most s colors in coloring c is thus the maximum of the above 
expression over all subsets S of colors of size s. Therefore, we want to choose the various np to minimize 
this maximum. For s < r — 1, we give a second moment argument which shows that the best choice is 
essentially that the np are all equal, i.e., np = n^'^^a) for all P. In this case, the above expression, for 
each choice of S, matches the claimed upper bound in Theorem 11.61 The case s = r — 1 turns out to 
be more delicate. For r even, the optimal choice turns out to be np = n^/'' for P an edge of a perfect 
matching of the complete graph with vertex set [r], and otherwise np = 1. For r odd, we have three 
different edge weights. The graph on [r] whose edges consist of those pairs with weight not equal to 1 
consist of a disjoint union of a triangle and a matching with (r — 3)/2 edges. The edges of the triangle 
each have weight n-^/^(log n)^'^'"^)/^''' and the edges of the matching each have weight n^/'^'(log n)"'^/''. 
It is straightforward to check that these choices of weights give the claimed upper bound in Theorem 

[Lei 

Similar to the case r = 3 and s = 2 mentioned above, using Gallai's structure theorem, we observe 
that, in any r-coloring of the edges of the complete graph on n vertices without a rainbow triangle, 
the complete graph can be edge-partitioned into (2) subgraphs, each of which is a 2-colored perfect 
graph. A simple argument then shows that there is a vertex subset of at least n'-s vertices which 
uses at most s colors, which verifies the lower bound in Theorem 11.61 apart from the logarithmic 
factors. Improving the lower bound further to Theorem 11.61 is more involved, using a weighted version 
of Ramsey's theorem and a carefully chosen induction argument to prove this. 

The rest of the paper is organized as follows. In the next section, we prove some basic properties 
of lexicographic product colorings. In Section [31 we give simple proofs of lower and upper bounds in 
the direction of Theorem 11.11 which match apart from two logarithmic factors. In order to close the 
gap and obtain Theorem II. H in Section [H we prove a weighted extension of Ramsey's theorem. We 
complete the proof of Theorem 11.11 in Section [5] by establishing a tight lower bound on the size of 
the largest 2-colored set of vertices in any Gallai 3-coloring of the complete graph on n vertices. The 
remaining sections are devoted to the proof of Theorem 11.61 In Section [6l we prove the upper bound 
for Theorem 11.61 In Section [71 we give a simple proof of a lower bound which matches Theorem 11.61 
apart from the logarithmic factors. In Section 18.11 using the second moment method, we establish an 
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auxiliary lemma which gives a tight bound on the minimum possible number of nonzero weights in 
a graph with non-negative edge weights such that no set of s vertices contains sufficiently more than 
the average weight of a subset of s vertices. We give the lower bound for Theorem 11.61 in Section [8.21 
which completes the proof of this theorem. The proofs of some of the auxiliary lemmas which involve 
lengthy calculations are given in the appendix. All logarithms in this paper are base 2, unless otherwise 
indicated. All colorings are edge-colorings of complete graphs, unless otherwise indicated. For the sake 
of clarity of presentation, we systematically omit floor and ceiling signs whenever they are not crucial. 
We also do not make any serious attempt to optimize absolute constants in our statements and proofs. 

2 Lexicographic product colorings 

In this section, we will prove some simple results about lexicographic product colorings (Definition 
II. 2p . These will be useful in constructing examples of r-colorings that do not contain large vertex sets 
that use at most s colors. 

For such a lexicographic product coloring Fi (8) F2 with Fi on nii vertices and F2 on m2 vertices, 
we will view the vertex set interchangeably as [mi x 1112] and [mi] x [7712]. For the sake of brevity, we 
often refer to a lexicographic product coloring as simply a product coloring. 

Definition 2.1 For F an edge-coloring of Kn and S ^ R a set of colors, we write that a set Z of 
vertices is S'-subchromatic in F if every edge internal to Z takes colors (under F) only from S. 

When F and S are clear from context, we shall simply say that Z is subchromatic. We will write 
5g p to be the size of the largest subchromatic set of vertices. 

If F is an edge-coloring constructed via a product of two other colorings Fi,F2, then the next lemma 
allows us to determine ^ in terms of g^ and g^ . 

Lemma 2.2 For any r-colorings Fi, F2 of E(Kni), E{Kn2), respectively, and any set S ^ R of colors, 
9s,F = 9s,F, ■ 9s,F2 ' ^^^'^^ F = Fi®F2. 

Proof: Let Z a set of subchromatic vertices in F (so Z C y(i^„^xn2)) be given. We will first show 
\Z\< ggp^ -gsp^. 

Take U C [m] to be the set of u G [ni] such that there is some v £ [^2] with (n, v) £ Z; that is, U 
is the subset of [ni] that is used in Z. For any u G [ni], take Vu ^ [7^2] to be the set oi v £ [712] such 
that (u, v) G Z, that is, Vu is the subset of [722] that is paired with u in Z. By construction, we have 
Z = UueuM X K. 

Therefore, the set U must be subchromatic in Fi, as given distinct ui,U2 G U there are vi,V2 so 
that {ui,vi), {u2,V2) G Z, and hence: 

Fi{ui,U2) = F{{ui,Vi), {U2,V2)) G S. 

Thus, \U\ <5s,^^. 

Furthermore, given u G U we must have that Vu is subchromatic in F2, as given distinct vi,V2 &Vu 
we have that 

F2{vi,V2) = F{{u,Vi), {u,V2)) G S. 



6 



Therefore, |K| < gs,F2- 
Hence, 

Since Z was arbitrary, we get ^ < g^ • g^ ■ 

We now prove that g^p > gsF^9sF2-> giving the desired result: take U C [m] a subchromatic 
set under Fi and V C [722] a subchromatic set under F2. We claim that U xV \s subchromatic under 
F. Consider any distinct pairs {ui,vi), {u2,V2) € U x V. If ui ^ U2 then 



F{{ui,Vi), {U2,V2)) = Fi{ui,U2) G S, 



and if ui = U2 then 



F{{ui,Vi), {U2,V2)) = F2{vi,V2) G S. 



If we choose U to have size g^ p_^ and V to have size g^ p^ , we get g^ p^ ■ g^ p^ 



\U xV\< g 



S,F ■ 



□ 



The next lemma states that the property of being a Gallai coloring is preserved under taking product 
colorings. 

Lemma 2.3 IfFi,F2 are Gallai r- colorings of E{Kn^),E{Kn2), respectively, then if F = Fi®F2 then 
F is a Gallai coloring. 



Proof: Let any three vertices u = (^1,^2),^ = {vi.,V2),w = {wi,W2) G [ni] x [^2] be given. We 
will show that they do not form a rainbow triangle under F. If ui = vi = wi then F{u, v) = 
F2{u2,V2),F{u,w) = F2{u2,W2),F{v,'w) = F2{v2,W2) and so u,v,w do not form a rainbow triangle 
by the assumption that F2 is a Gallai coloring. If ui,vi,wi are pairwise distinct then F{u,v) = 
Fi{ui,vi), F{u,'w) = Fi{ui,wi),F{v,w) = Fi{vi,wi) and so u,v,w do not form a rainbow triangle 
by the assumption that Fi is a Gallai coloring. Otherwise, exactly one pair of ui,vi,wi are equal. 
Assume without loss of generality that ui = vi, ui ^ wi, and vi w\. We have: 

F{u,w) = Fi{ui,wi) = Fi{vi,wi) = F{v,w), 

so again u, v, w do not form a rainbow triangle. □ 

The following corollary states that we may take a product of any number of 2-colorings and the 
result will be a Gallai coloring; since all 2-colorings are Gallai colorings, it follows by induction from 
the previous lemma. 

Corollary 2.4 If Fi, . . . , F^ are 2 -edge- colorings, then Fi (g) • • • (g) is a Gallai coloring. 



3 Simple bounds for three colors 

In this section we will demonstrate simple upper and lower bounds in the case r = 3 and s = 2. We first 
apply the techniques of the previous section to demonstrate a Gallai 3-coloring with no large 2-colored 
vertex set. 
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Theorem 3.1 There is a Gallai 3-coloring on m vertices so that for every two colors S G (^), every 
vertex set Z using colors from S satisfies \Z\ < (4/9 + o(l))m^/^ log^ m. 

Proof: Take t = [m^/^] ; then t^ is at least m. For every pair of colors P £ (^) , take Fp to be a 
2-coloring of E{Kt) using colors from P so that the largest monochromatic clique has size at most 
21ogt. Such a coloring exists by the lower bound on Ramsey numbers proved by Erdos and Szekeres 
in [8]. We define F a coloring on t^ vertices by taking F = F^^^ ji^^ (g) -f'f/jj.-Rs} ^ P{Ri,Rs} where 
i?i,i?2,^3 are such that R = i?2i ^s}- This is a Gallai coloring by Corollarv 12.41 Fixing any set 
S of two colors, two of the above three colorings have S-subchromatic sets of size at most 21ogt, and 
the remaining one has size t, so the size of the largest S-subchromatic set in F is at most t(21ogt)^. 
Since S is arbitrary, the size of the largest S'-subchromatic set for any S € (^) is at most t(21ogt)^. 

Restricting F to any m vertices will be a 3-Gallai coloring with no subchromatic set of size larger 
than t(21ogt)^. Note that since t = [m^/^] , we have t = {1 + o(l))m^/^, so 

t{2\ogtf = (l + o(l))m^/3(21og(m^/2))2 = (4/9 + o(l))m^/^ log^ m 

□ 

We now proceed to prove that any Gallai 3-coloring on m vertices contains a subchromatic set on 
two colors of size at least m^/^. Indeed, the next theorem is a strengthening of this statement, as it 
states that the geometric average over S G (^) of Qgp must be at least m^/^. 

Since we have three colors, will refer to them as red, blue, and yellow. 

Theorem 3.2 For any Gallai 3-coloring F on m vertices, n5g(^)5sF — 

Proof: We proceed by induction on m to prove the theorem. 

Define g to be the size of the largest subchromatic set using only the colors blue and yellow, o to 
be the size of the largest subchromatic set using only the colors red and yellow, and p to be the size 
of the largest subchromatic set using only the colors red and blue. (A note on nomenclature: g stands 
for "green," as blue and yellow form green when mixed. Similarly, a stands for "orange" and p for 
"purple.") We wish to show that gap > n. 

If m = 1, then g = a = p = 1 and gap = m. 

Otherwise, m > 1 and by the structure theorem for Gallai colorings there is a non-trivial partition 
of the vertex set into parts Vi,. . . ,Vt and a pair of colors Q G (^) satisfying that for any distinct 
i,j G [t] there is a g G Q so that every edge between Vi and Vj has color q. Take rrii to be the size of 
Vi Take gi to be the size of the largest set using only the colors blue and yellow from Vi, Oi to be the 
size of the largest set using only the colors red and yellow from Vi, and pi to be the size of the largest 
set using only the colors red and blue from Vi. Without loss of generality we assume that Q contains 
colors blue and yellow. 

We have g = ^igi- Indeed, we may combine all the largest sets using colors blue and yellow from 
each Vi to obtain a set of size Yli 9i that only uses blue and yellow. 
Furthermore, o > maxj Oj and p > maxjpj. This gives: 

gop = ^ giop > ^ giOiPi > ^ mj = m, 

i i i 
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where the last inequahty follows by the induction hypothesis applied to F restricted toVi. □ 

Note that we use o > maxj Oi,p > maxjpj. It is on these inequalities that we will in the next sections 
gain multiple factors of log m; if, for example, we find some set U C [t] satisfying that for each distinct 
i,j G U the edges between Vi,Vj are all yellow, then o > Yln^u ^i- were the case that the Oi,pi 
were all pairwise equal, then we would get by the Erdos-Szekeres bound for Ramsey numbers that 
op = 0(log^ t maxj OiPi); this motivates the approach in the next two sections, where we handle the 
general case in which it may not be true that the Oi^pi are all pairwise equal. 

4 A weighted Ramsey's theorem 

In this section we will prove a version of Ramsey's theorem that will apply to graphs in which the 
weight of a vertex may depend on the color of the clique that contains the vertex. The next lemma is 
a convenient statement of a quantitative bound on the classical Ramsey's Theorem. 

Lemma 4.1 In every 2-coloring of the edges of Kt, for some k and I there is a red clique of order k 
and a blue clique of order £ with k£ > j log^ t. 

Proof: Take k to be the order of the largest red clique and I to be the order of the largest blue clique. 
We must have 

t < R{k + 1,1 + 1) < 

It is routine to check that this implies k£ > ^ log^ t. □ 

For the rest of this paper, let M := 2^^. The following lemma, which we call the weighted Ramsey's 
theorem, states that if vertex i contributes weight aj to any red clique in which it is contained and 
weight /3j to any blue clique in which it is contained, then we may give a lower bound for the product 
of the sizes of the largest (weighted) red and blue cliques. 

Lemma 4.2 Given a 2-coloring of the edges of a complete graph on t vertices with t > M and vertex 
weights {ai,(3i), take 7j = ai(3i and 7 = minj7j. There is a red clique S and a blue clique U with 

Proof: The proof will dyadically partition the vertices based on their pair of weights (aj,/3i), and 
then apply the classical Erdos-Szekeres bound on Ramsey numbers in the form of the previous lemma. 
That is, we will find a large set of vertices A so that any two vertices in A have similar values for 
and /3j. Applying Lemma l4.1l to this set will give the desired result. 
Take a = maxj and /3 = maxj /3j . 

If a/3 > ^ log^ t we may take S = {i} with Oj = a and U = {j} with (3j = (3. Otherwise, 
a/3/7 < ^ log^ t. Observe that for each i we have a^ < a, Pi < /?, and aj/3j > 7. 

This gives j / (3 < ai < a and 7/a < f3i < (3. Note we may partition [7//?, a] into mi < log (a/3/7) + 1 
intervals Ii, ■ ■ ■ ,Imi such that, within any interval /j, we have sup(/i)/ inf (/j) < 2. Similarly, we may 
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partition [7/a, /3] into m2 < log(a/3/7) + 1 intervals l!^^ with sup{Il)/ mf{I'-) < 2. By the 

pigeonhole principle there must be some pair such that, taking A := {i : ai £ G Ij,}, we 

have \A\ > t/{mim2). 

Applying the previous lemma to A, we get that there is a red clique S of size k and a blue clique U 
of size I with kl > ;j log^(t/(mim2)). 

Note since t > M we get mi?n2 < (log(^ log^ t) + 1)^ = log^ij^ log^ t) < t^/^. Therefore, we get 

^log2(i/(mim2)) > ^log2(t3/4) > iiog2t. 

Take = miriigyi «i and (3 a = miiijgAA- For any i £ A, Oi £ Ij and hence a^i > ai/2. Similarly, 
for any i E ^ we have /3a > ft/2. Therefore, fixing any i £ A, we get >^^> 7/4. Therefore, 

f^'^") - (E"^) (E/^^J =A:aA^/3A>H7/4>-^log2i. 

□ 

Since in the statement of the weighted Ramsey's theorem we take 7 = minjOjft, it provides good 
bounds when ajft does not vary much between the vertices. Therefore, when we wish to use it in 
the upcoming sections, we will first dyadically partition the vertices based on ajft and then apply the 
lemma to each partition. 

Note that we chose 7 = minjajft. We may hope to be able to use other functions of ai,/3i in this 
expression. However, it is not as robust as one may hope. In particular, we want to observe that the 
function + ft will not yield an analogous theorem, as if we have many vertices of weight (0,1) and 
color all of the edges red, then the largest red clique has size and the largest blue clique has size 1, 
but for each i we have aj + ft = 1. Fortunately, using a^ft will suffice for our purposes. 



5 Tight lower bound for three colors 

In this section we will show that any Gallai 3-coloring on m vertices has a 2-colored set of size 
r2(m^/^ }Qg2 This matches the upper bound up to a constant factor. 
We will refer to the three edge colors as red, blue, and yellow. 

For the rest of this section, fix an integer m G N. We remark that in this section there is an inductive 
argument for which it is important to note that m remains fixed throughout. 
Let 



clog^(Cn) if < n < m^/^ 

/(n) := { c2 log2(m4/9) log'^ {Cnm~^/^) if m^/^ <n< m^/^ , 
log^(m^/^) log^(C?im^^/^) if m^/^ < n < m, 

where D = 2^°"'^, C = 2^^ and c = log"^(C^) = We will have a further discussion about / 

and its properties shortly. For now, simply note that f{m) = il(log^m). 
We will prove the following theorem. 

Theorem 5.1 For any n £ [m], a Gallai coloring F on n vertices has either maxs p > or 
Us9s,F > nf{n). 
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Before we prove Theorem 15.11 we show how it implies the existence of a large subchromatic set. 



Theorem 5.2 Every Gallai '^-coloring of E{Km) has a two colored set of size O(?ni/3log2 m). 




C'm log^ m. 



s 



As we have a lower bound on the product of three numbers, one of these numbers must be at least the 



viewed as a constant). Intuitively, C is large so that we avoid the range of values in which log is poorly 
behaved, and c is small both so that we may assume n is large and to make the transitions between 
intervals easier. / was chosen so that it satisfies certain properties, the more interesting of which we 
explicitly enumerate below. All of these properties are formalizations of the statement "/ does not 
grow too quickly." 

Lemma 5.3 If m > C , then the following statements hold about f for any integer n with 1 < n < m. 

1. For any a € l] , f{an) > af{n). 

2. For any ai, 02, as G l] such that on = 1 we have, taking rii = aiU, 



3. Fori>0 and m'^/^^ > 2^ > 1 we have f {2') log^ {D2^ ) > 512/(2*+7J'). 

4. Forl<T <n< D'-^T, we have f{T) > f{n)/2. 

5. For any a G ^] , /(an) > 16a/(n). 

These properties are collectively referred to as "the facts about /" and are proved in Appendix Rl 

We now proceed with a proof of Theorem 15. li 
Proof of Theorem I5.lt We proceed by induction on n. Define g to be the size of the largest set in 
F using only the colors blue and yellow, to be the size of the largest set in F using only the colors 
red and yellow, and p to be the size of the largest set in F using only the colors red and blue. We wish 
to show that either gap > nf{n) or max((7, o,p) > 

Our base cases are those n for which f{n) < 1, as for these cases by Theorem 13.21 gap > n> nf{n). 
Since c = log~^(C^), any n < C is a base case. 

If we are not in a base case, we have n > C. 

Since F is a Gallai coloring, there is a non-trivial partition V{Kn) = Vi U . . . U with |Vi| > ... > 
\Vt\ > 1 such that there is some 2-coloring x of [t] such that for every distinct i,j £ [t] and u £ Vi, 
V € Vj, the color under F of {u,v} is xihJ)- 



cubed root. Hence, msixsgsF — ^ ^ cm^ ^ ^ log^ m > il(m^/'^ log^ m), as desired. 



□ 
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Suppose without loss of generality that x only uses the colors blue and yellow. The proof will split 
into three cases. 

Cases 1 and 2, Preliminary Discussion: These will be the cases in which Vi has a substantial 
portion of the vertices. Let Ui = Vi, U2 denote the union of Vj over j 7^ 1 such that x(l)i) is yellow, 
and C/3 denote the union of Vj over j / 1 such that x{^-,j) is blue. We have that Ui,U2,U3 is a 
non-trivial partition of V. Let iii = \Ui\. Let ai = \Ui\ /n = rii/n for i = 1,2, 3, so ai + 02 + 03 = 1. 

For i = 1,2, 3, let Fi be the coloring F restricted to Ui. Let gi be the size of the largest subchromatic 
set in Fi using only the colors blue and yellow, Oj be the size of the largest subchromatic set in Fi 
using only the colors red and yellow, and pi be the size of the largest subchromatic set in Fi using 
only the colors red and blue. Suppose without loss of generality n2 > ris, so 0:2 > (1 — ai)/2 and 
max(ai,a2) ^ 1/3. By the induction hypothesis, for i = 1,2,3, we have that either one of gi,Oi,pi 
is at least in which case we may use g > maxj^ij, o > maxj Oi, p > maxjpj to complete the 

induction, or 

giOiPi > nif{ni). 

Assume we are in this latter case. Since the Ui are connected only by yellow and blue edges, we 
may take the largest subchromatic set using only yellow and blue from each Ui, giving 5 > 51 +52 + 53 
(in fact, equality holds). Since Ui and U2 are connected with yellow edges, we may take the largest 
subchromatic set using only red and yellow from both Ui and U2, or we may simply take the largest 
such subchromatic set from C/3, so we get o > max(oi + 02,03). Similarly, p > max(pi +pz,P2)- 

Note 

gop > giop + g2op + gsop > 51(01 + 02)(pi + P3) + 52(01 + 02)^2 + 5303(^1 + Ps) > 

3 

51 (01 + 02)?'i + 52(01 + 02)^2 + 5303P3 = gi02Pi + 5201P2 + ^giOiPi. 

i=l 

We thus have 

3 

gop - '^giOiPi > gi02Pi + 52O1P2 > 2^ (5i02?'2)(520ipi) = 2a/ {giOipi){g202P2) > 

i=l 

2\/('^i/(ni))(n2/(n2)) > 2^aia2n^/ f{ni)f{n2), 

where the second inequality is an instance of the arithmetic-geometric mean inequality. 
Case 1: 01,02 > (logC)"^/^. In this case, we have 

3 

gop - ^ giOiPi > 2^0Lxa2n^J /(ni)/(n2) > 2oi02n/(n) > 2nf{n)/ \/\agC > 

i=l 

-nf{n) > nf{n) - Vni/(ni), 

log 6 ^— ' 

where the second inequality is by the first fact about /, the third inequality is by substituting lower 
bounds on oi and 02) and the last inequality is by the second fact about /. Hence, 

3 

gop > ^giOiPi + nf{n) - ^nif{ni) > nf{n), 

i=l i 
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where the last inequality is by the induction on hypothesis applied to Ui for i = 1, 2, 3. This completes 
this case. 

Case 2: qi > (logC)"^/^ > 02- Before we proceed with this case, we prove a simple claim. 
Claim 5.4 n/(n) + ni/(ni) — 2?ii/(n) > 0. 

Proof: Note nf{n) — nif{n) = (1 — ai)nf{n). Therefore, 

ni/(ni) - > ainif{n) - ni/(n) = a\nf{n) - ainf{n) = -ai(l - Qi)n/(n), 

where the first inequality follows from the first fact about /. From this we get 

n/(n) + ni/(ni) - 2ni/(n) > (1 - ai)nf{n) - ai(l - ai)nf{n) = (1 - aifnf{n) > 0. 

□ 

In this case we have oi > 1 — (02 + as) > 1 — 2a2 > 1 — 2(logC)~^/^ > 1/2 and hence 
3 

gop - '^giOiPi > 2yjaxa2n^ /(ni)/(n2) > 8aia2n/(?z) > 4a2n/(n) > 

2{a2 + a3)nf{n) = 2(n - ni)/(n) > 2(n - ni)/(n) - (n/(n) + ni/(ni) - 2ni/(n)) = 

n/(n) - ni/(ni) > n/(n) - ^ni/(ni), 

j 

where the second inequality is by both the first fact about / applied to f{ni) and the fifth fact about 
/ applied to f{n2), the third inequality is by qi > 1/2, and the second-to-last one is by the claim. 
Hence, 

3 3 
gop > ^gmpi + nf{n) - ^nif{ni) > nf{n), 

i=l 1=1 

where the last inequality is by the induction on hypothesis applied to Ui for i = 1, 2, 3. This completes 
this case. 

Case 3: ai < (logC)^^/^. This is the sparse case, when each part is at most a (logC)~^/^ = 
fraction of the total. 

Take nj = \ Vi\. Take Fi to be the coloring F restricted to Vi. Take gi to be the size of the largest 
subchromatic set in Fi using only the colors blue and yellow, Oj to be the size of the largest subchromatic 
set in Fi using only the colors red and yehow, and pi to be the size of the largest subchromatic set in 
Fi using only the colors red and blue. 

We reorder the Vi so that if i < j then OiPi < ojpj. 

Take r = [log{2D-'^n)\, so maxj < (log C)~^/''n < D-^n < 2^ < 2D-^7i. Define, for i < r, 
li := [2*,2*~'"^]. Take <&(i) = {j : rij G /j}. The ^{i) are dyadicaUy partitioning the indices; we will 
eventuahy use these partitions to construct sets to which we will apply the weighted Ramsey's theorem. 

Note that g = J2j gj-> s° have gop = gjop. 

We now present the idea behind the argument for the rest of this case. Fix i so that ^{i) has at 
least 2D2s('^~*) elements and i > log(nm~^/^^) (we will show that most vertices v are contained in Vj 



13 



as J varies over the $(i) that have this property). We will define a weighted graph whose vertices are 
the indices and whose coloring is x- Given an index j its weight will be {oj,pj). If we find a yellow 
clique in x then the sum of the oj in the clique gives a lower bound on o, and similarly if we find a blue 
clique in x then the sum of the pj in the clique gives a lower bound on p. We will apply the weighted 
Ramsey's theorem to half of the indices in <I>(i) (to the indices that are larger than the median of $(i), 
to be precise); from this, we will be able to conclude that if j is an index smaller than the median, then 
op/{ojPj) > D'f{n)/f{nj) for some large constant D' and so gjop > D'gjOjPjf{n)/f{nj) > D'njf{n). 
We now proceed with the argument. 

When we count, we wish to omit parts <I>(i) that don't satisfy desired properties; take 

B' ■.= {i<T: |$(i)| < 2D2i(^-*)}, 

B" := {i < log{nm-'^/^^)}. 

Take B = B' U B" . We will show that a large fraction of the vertices are not contained in Vj for 
j £ $(i) where i ranges over B. 

4D2l^— 2(^+1)/^ < 8D— 2^ < 128L>2^ < n < n/4, 

21/8 _i - 2V8 _ 1 - - D ~ ' 

where the fourth inequality follows from 2^/^ > (1 + 1/16). 

Note if gi > m'^/'^^/S then we may complete the induction; assume this is not the case. In 
particular, we get t < mJ^^^ /8 (since gi > 1). Therefore, 

Yj Yj - Yj Yj ^ram-"^/^^ < 2tnm"^/^^ < n/4. 

i&B" j6*(j) i&B" j6*(i) 

Hence, 

E E ^ E E + E E ^ '^/^ + ^/"^ ^ 

ieB j(^<S>{i) i&B' j&<i>{i) i&B" j&<S>{i) 

As a corollary we get Y^i^B EiG-l>{i) ^ "'/2- 

For any fixed i < t such that i ^ B, take /3j to be the median of ^>(i) (if ^{i) has an even number of 
elements, take /3j to be the larger of the two medians). Consider {{oj,pj) : j E > A}. By i ^ B, 

this has at least D2»^'^~^^ > M elements (recall from the weighted Ramsey's theorem that M = 2^^), 
so we get by applying the weighted Ramsey's theorem to this set that op > op^pp^ log^ ^D28('^~*)^ /32. 

Finally, observe that either one of the Oj,pj,gj is at least in which case we may conclude the 

induction, or by the induction hypothesis we may assume OjPjgj > njf{nj). Therefore, 



J2 9jop > J2 9jOp^P^. log2 (D2i(--)) /32 > 9,op^PP^ log^ (d21^^-^^) /32 > 

5jO,Pjlog2(z52i(--*))/32> ni/K)log'(^2i(--^))/32> 
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^ n,/(2l°g-^)log2(2?2i(--l°S"^))/32> J] 16n,/(2-) > ^ 8n,/(n), 
ie*(i):i<ft ie<i'(j):j</3i ie$(j):i</3i 

where the third inequaUty is by OjPj < Ojipji for j < f , the fourth inequahty is by the induction 
hypothesis apphed to Vj, the sixth inequahty is by the third fact about /, and the seventh inequahty 
is by the fourth fact about / and noting 2^ > D^^n. 
We now consider for any set J C ^{i): 

Y,nj>2^\J\. 

je*(i) 

This gives: 

^jeJ^i > \J\ 

Noting that \{j G $(i) : j < ft}] > |$(i)| /2: 

8n,/(n) >\Y1 = E 

je'I>(i):j<ft ie*(i) i6*(i) 

Therefore, 

5op>^5jOp>^ gjop> Y Yl 9jop> Y Y '^^ = 

2/W Y E n,>2f{n)^=nf{n). 

i<T:i^B 

We have thus concluded the induction. □ 
We informally refer to B" in the above proof as large if a large fraction of the vertices are contained 
in a Vj for j G <&(i) where i ranges over B" . The case in which B" was large easily implied the desired 
result. In extending this result in Section[8]to more colors, the primary difficulty is the following: when 
s is not 2, it is not obvious that there is a large s-colored set as a result of B" being large. 

6 Upper bound for many colors 

In this section we will give asymptotically tight upper bounds for how large of a subchromatic set 
must exist in an edge coloring on m vertices. We will first show how to construct such colorings from 
weighted graphs with vertex set R, and then we will choose such graphs to finish the construction. 
The next theorem states that if we have a weighted graph on r vertices with edge weights wp, then 
we can find a coloring F so that g^jp is, up to logarithmic factors, ripcs^^"- 

Lemma 6.1 Given a weighted graph {R,V) on r vertices with integer edge weights {wp}p(z'p, taking 
m := Jlpep ^-P' there is a Gallai r-coloring on m vertices so that for any S R, the size of the largest 
subchromatic set with colors in S is at most OpePPCs ""^f " nP6'P-|PnS|=i 2log wp. 
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Proof: We may define a Gallai r-coloring on m vertices as follows: take Pi,...,Pk an arbitrary 
enumeration of V. For each edge P, take Fp to be a 2-coloring of E{Kwp) using colors from P 
so that the largest monochromatic clique has order at most 2\og wp (such a coloring exists by the 
Erdos-Szekeres bound for Ramsey numbers [8]). We define a coloring F on m vertices by 

F = Fp^ ®Fp2 (g)---(g)Fp^. 

F is a Gallai coloring by Corollarv 12.41 Given any S R, note that g^pp = if -P ^ 5", as Fp uses 
only colors from P. If |P n S"! = 1, then the largest subchromatic set in Fp using colors from P D S 
is at most 2logwp by choice of Fp, so p^ < 2log wp. If |Pn = 0, then ggp^ = 1 as any two 
distinct vertices are connected by an edge the color of which is not in 5. Therefore, 

9s,F =Yl9s,Fp^ < n "^^^ n 21ogu;p. 

i ' Pev-.pcs PeV:\Pns\=i 

□ 

The condition in the above lemma that the edge weights be integers is slightly cumbersome; we will 
now eliminate it. 

Lemma 6.2 For any fixed integer r > 3, given a weighted graph (R, V) on r vertices with weights 
{wp}pQ-p, taking m := Ylp^pWp, if m is an integer and each wp satisfies wp > uj{l), then there is 
a Gallai r-coloring on m vertices so that for any S ^ R, the size of the largest subchromatic set is at 
most (1 + o(l)) YlpeV.Pcs^P ' UpeV:\Pns\=i'^^ogwp. 

Proof: Take w'p = [wp]. Since wp > uj{l), we get w'p < (1 + o(l))wp. We may apply the previous 
lemma to the w'p to get an r-Gallai coloring on Yip w'p > m vertices so that for any SCR the size of 
the largest subchromatic set is at most 

n u;'p- J] 21ogu;^ < (l + o(l)) wp fj 21og?i;p. 

PeP:Pcs p&P:\Pr\S\=i PeV:Pcs p&V:\Pr\S\=i 

Restrict this coloring to any m vertices; it is still a Gallai r-coloring and for any SCR the size of the 
largest subchromatic set is at most (1 + o(l)) Tlpe-p-pcs^f " npe'P |Pn5|=i 21og wp. □ 

Now, if we wish to obtain colorings without large subchromatic sets, we need only construct appro- 
priate weighted graphs. Intuitively, we would like to minimize the number of edges in such a graph 
(while still being able to maintain that all the SCR have approximately the same value of Ylpcs wp), 
as every edge creates extra log factors. This observation motivates the following bounds. 

Theorem 6.3 There is a Gallai r-coloring on m vertices so that for any S G (^) the size of the largest 
subchromatic set is at most (1 + o(1))?tiV2 

lQgCr,s where 

s(r — s) if s < r — 1, 

1 if s = r — 1 and r is even, 
(r + 3) /r if s = r — 1 and r is odd. 
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Proof: If s < r — 1, we may apply the previous lemma to a clique on r vertices with edge weights 
771^/(2). Any 5 C of size s has (2) internal edges and s(r — s) edges intersecting it in one vertex. By 
the previous lemma, we may find a Gallai r-coloring where the size of the largest subchromatic set is 
asymptotically at most: 

m(2)/i2) (^21og (771^/(2)) y^''"'^ < m(2)/(2)(logm)^(^-"). 

If s = r — 1 and r is even, we may consider a perfect matching on r vertices where each edge has 
weight m^/''; any subset of size r — 1 contains r/2 — 1 edges and there is one edge with which it shares 
exactly one vertex. By the previous lemma, we may find a Gallai r-coloring where the size of the 
largest subchromatic set is asymptotically at most: 

^(r/2-l)/(r/2)2log(^l/(r/2)) < ^(r/2-l)/(r/2) l^g^ ^ ^, 

If s = r — 1 and r is odd, we may consider a graph formed by taking the disjoint union of a triangle 
on 3 vertices and a matching with (r — 3)/2 edges. The edges of the triangle will each have weight 
wi := m^/^ {logm)^^~^^^'^^' and the edges of the matching will each have weight W2 ■= m^/''(log m)~^/^. 
Note that the product of the weights is w^tfj = n't-- Let 5 C i? of size s = r — 1 be given. 

If the vertex not contained in S is part of the triangle then 5 contains (r — 3)/2 edges of weight W2 
and 1 edge of weight wi. Furthermore, there are two edges each of weight wi that S intersects in one 
vertex. In the graph obtained from the previous lemma the size of the largest subchromatic set taking 
colors from S is asymptotically at most: 

'«;i4""^^^^2 log wif = m^'-^y^log m)^('"^3)/r ^3 log(m^/"(log m)^'^~''^^/^''')f 

< m('^-2)/'^(log m)^('^-3)/'^(log m)2 
= m(2)/(2)(log?n)('^+3)/^ 

If the vertex not contained in S is part of the matching then S contains (r — 5)/2 edges of weight W2 
and 3 edges of weight wi. Furthermore, there is one edge of weight W2 that intersects S in one vertex. 
In the graph obtained from the previous lemma the size of the largest subchromatic set taking colors 
from S is asymptotically at most: 

wlw^^^^'^^\2logW2) = m^'^-^^/''{logmf/''{2log{m^/''{logm)-^/')) 

< m(''~^^/'"(logm)^/''(logm) 
= m(2)/(2)(logm)(^+3)/r_ 

□ 



7 Weak lower bound for many colors 

We now provide a simple lower bound for the largest size of a subchromatic set in any r-coloring 
of E{Km) that shows our upper bounds are tight up to polylogarithmic factors; we show that any 
Gallai r-coloring on m vertices contains a subchromatic set of size at least m(2)/(2). The following is 
a common generalization of Holder's inequality that we will find useful. 
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Lemma 7.1 If S is a finite set of indices and for each S £ S we have gs is a function mapping [t] to 
the non-negative reals, then 



5e5 i \ i s&s / 



Using the above lemma, we will prove a lower bound on the product of the g^ ^ for F a Gallai 
r-coloring. This will easily imply the desired lower bound. 

Theorem 7.2 For any Gallai r-coloring F on m vertices, 

n 9s,F >ri(-2). 

Proof: Take 5^ = g^ p. We proceed by induction on n. If n = 1, then each g^ is 1 as is their product, 
while is also 1. If n > 1, we may find some pair of colors Q and some non-trivial partition of 

the vertices Vi, . . . ,Vt such that for each pair of distinct i,j in [t], there is a g G Q so that all of the 
edges between Vi and Vj have color q. 

Define, for i £ [t], Fi to be the restriction of F to Vi. Take . := g^p - By induction, for each i we 

have n^^si — ''^i'' ^ ' where Ui = \ Vi\. 

Note that if Q C S" then g^ > g^ - , since we may combine the largest subchromatic sets from 
each Fi . For every S we have g^ > maxj g^., so 



Hf. s n Efc,. n H E n f..^-" n = 

S \S:QCS i j SiQIS \ i S:QCS / S-.QgS 

i S-.QCS S:QgS ) \ i S / \ i / 

where the first inequality is by g^ > Ylidsi Q ^ S, the second inequality is by the preceding lemma 
and noting \ S\ = (^12) ' third inequality is hy g^ > g^^, and the fourth inequality is by the induction 
hypothesis. □ 

Note that in proving this bound, if IS'nQI = 1 we simply use g^ > g^p.- As in the r = 3, s = 2 
case, if we can find a set of indices V^^ , . . . , Vi,. so that between any two of them the edges use the color 
contained in S n Q, we may obtain a stronger lower bound on g^. 

We now conclude the argument. 



Theorem 7.3 In any Gallai r-coloring F on m vertices, there is some S G (^) so that g^ p > m(2)/(2) 



/'I — 2\ 



Proof: By the previous theorem, Hsg^^) ds f — ^^""^ • As this is a product over (^) numbers, there 
must be some S with 

gg p > m(=-2)/'^«) = m^^)/^), 

□ 
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8 Lower bound for many colors 



In this section we show that our upper bounds on sizes of subchromatic sets in Gallai colorings are 
tight up to constant factors (where we view r and s as constant). 

8.1 Discrepancy lemma in edge-weighted graphs 

The lemma in this subsection has the following form: either a given weighted graph has many edges 
of non-zero weight or it has some set S of size s whose weight is significantly larger than average. In 
the next subsection we will show how to reduce the problem of lower bounding the size of the largest 
subchromatic set in a Gallai r-coloring to a problem regarding the number of non-zero edges in a graph 
that doesn't contain vertex subsets S whose weight is significantly larger than average, so this lemma 
will be useful. 

Lemma 8.1 Given weights wp for P £ (^) withwp > 0, takew = ^pWp. Take = (g) if s < r — 1, 
oq = r/2 if s = r — 1 and r is even, and = {r + 3)/2 if s = r — 1 and r is odd. Either there are at 
least qq pairs P with wp > or there is some S R of size s satisfying 

|:»-(-(K;)y")|». 

The proof of the above lemma uses elementary techniques along with the second moment method 
and is deferred to Appendix iBl 



8.2 Proof of lower bound for many colors 

Let 

^- kill - 

-2\ 



C = 32r{ [ 1 d, 



CD ^ 

3 

,2, 



s-lj\s-2j \\2J J \\2 

-1 



5^ = 2-i^)-'{6,' + l)-^^>-' 
c = {S/Afsy". 



r-2 
s - 1 



d is an appropriately chosen scaling factor; why it is appropriate will become evident later. C should 
be thought of as a large constant, and 5,5q,6i, and c should be thought of as small constants. We 
provide some bounds on the above; although we will not explicitly reference these, they are useful for 
verifying various inequalities: 
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r ^ < d < r, 

C < 4r^ 

5 > 
5q > r-"/4, 

When we constructed the upper bound via product colorings, there was a weighted graph (namely 
the one used to construct the coloring) so that for any S <^ R we could approximate the size of the 
largest clique using colors from S by the product of the weights of edges contained in S. We wish to 
say that the structure of any Gallai coloring F can be approximated this way. Though this is not true 
in general, the next theorem states that if it is not true then Y\g p must be large. Take for the rest 
of this paper 

mo := 2^ . (1) 

Theorem 8.2 If m > rriQ then for any Gallai coloring F on n < m vertices, there are / > 1, e > 0, 
^ (^), and, for P £V, weights wp G [l,oo) satisfying: 

1. For every S e {^) , g^p > Up^^s-^^^wp. 

2. Wp(zpWp > ra~^n. 

3- \{s^^^)9s,F>{nff'-''\ 

4- f > (logm)'^^. 

5. Taking a to be the size ofV, f > (c log^ rnj "'^ . 

From the above theorem we will quickly be able to conclude Theorem 11.11 Note that if / is large 
enough then by condition (3) we conclude that nsG(^) f large and so some g^ p is large. Otherwise, 
by condition (4) we have an upper bound on the size of e, so by conditions (1) and (2) the structure 
of the coloring is well-approximated by the wp. This latter case will allow us to apply our work on 
weighted graphs from the previous subsection to get a lower bound on a, and then we will apply 
condition (5) to as before conclude that some g^ p is large. 

Proof: We will write g^ for g^p. We will take wp = 1 for any P in (^) but not in V; this way, for 
any T C (^), we have npeTnP^-P ~ Yip&T'^P- 

We proceed by induction on n. 
Base Case: If n = 1, then we may take / = 1, e = 0, and V = %. Letting a = \P\ = 0, 

(R\ 



1. For every 5 G ( J, = 1 = npg(S) wp. 

2. npe(«) wp = 



m n. 
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4. / = 1 = (logm)'^^ 

5. / = 1 = (clog^m)"'^. 

Preliminary Discussion: If n > 1, there is some pair of colors Q = {Qi, Q2} and there is a non-trivial 
partition y(J^„) = Vi U . . . U Vt with l^il > ... > \Vt\ such that there is some 2-coloring X • (2) ~^ Q 
such that for every distinct z,j G [t] and u € V^, f G Ij-, the color under F of {n, is xihj) (which is 
in Q). 

log{amf2 

Given e > 0, define fe{^) '■= (logm) , where a = i/n. Note that we may rewrite /e(^) = 

(logm) las'" ; we will move between the two expressions freely. Note also that fe{^) is an increasing 
function of i. We will need some lemmas about /e, all of which are formalizations of the statement "/e 
does not grow too quickly". 

Lemma 8.3 The following statements hold about for every choice of e > 0, m > uiq, and 1 < n < 
m. 

1. For any a G [i, 1], 

/,(an)>ai/(=^C=2))/,(n). 

In particular, f^{an) > afe{n). 

2. For any ai, a2, as G 1] with ai + 02 + as = 1, taking ni = ain, 

nfe{n) < ^ 7iJ,{ni) + 3(log-3/4 m)n/,(?i). 

i 

3. Fori>0 and > 2^ > I we have /,(2*) log^/^^-') ((log^/'' m)2^) > 256Q f,{2'+'^^). 
4- For any a > log"^ m, /e(an) > /e(n)/2. 

We will refer to the above collectively as the facts about f^; we prove them in Appendix [Cl 
The proof will split into four cases. 
Cases 1 and 2, Preliminary Discussion: For these simple numerical claim will be useful. 

Claim 8.4 For positive reals a, b with a < 1, 

(1 + a)* > 1 + a5/2. 

Proof: Since < a < 1 we have 1 + a > e"/^. Then 

(1 + a)'' > e'^''/2 > I + ^5/2. 

□ 

Cases 1 and 2 will be those cases in which Vi is large. 
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Take Ui = V\. Take \J2 to be the union of the Vj such that the edges between Vi and Vj are of color 
Q\. Take \Jz to be the union of the Vj such that the edges between V\ and Vj are of color Q^- We may 
assume without loss of generality that IC/2I > IC/3I. Then {J7i, f^s} is a partition of y. 

Define, for i = 1,2,3, Fi to be the restriction of F to Ui. Take gg^ := fi'sj?, • Define nj = \Ui\ and 
= ni/n. By the induction hypothesis, for each Fi there are appropriate choices of /j, ei,Vi, and i(;p,j. 
Take Oj = \Vi\. 

The general approach for these cases as well as for Case 3 will be to choose some index i and simply 
use the same graph to approximate our coloring. That is, we will take V = Vi and wp = wp^i, and 
then we will show that e and / may be chosen appropriately. 

We now proceed: if for some index i we take V = Vi and wp = wp^i, since > g^^ we will have 
property (1): for every S e {^), g^ > g^^ > Hpcs'^^p,* = Wpqs^p- Furthermore, 



Pe(f) PG(f) 

log m 



If we take e = + iHiii/^^ii^ then the above shows property (2) will hold. 



l°g(l/ai) 



Xi := max ( (logm)'"V^'^ ^ , (clog^ m)"^'^ 



e = ei + 



Define 



If i is the index minimizing Xj, then we will take: 

log(l/ai) 
logm ' 

V = V^, 

wp = Wp^i, 

and / = Xi] we will show that this satisfies properties (4) and (5), so choosing i to minimize Xi 
minimizes our /. Take o = \V\. We have already observed that properties (1) and (2) will hold. 

Take e' = max ^e, '"^^^og^o^ ^ ^ • Note that f = Xi = (logm)'^'^' = fe'{n). In this case properties 
(4) and (5) hold by choice of /: 

/ > (logm)'^'' > (logm)'^'. 
/ > (logm)^^ > (logm)^ Clog log™ = 2'°s((^^°s ) = (clog^m)"'^. 
We have only to show that, with this choice of /, property (3) holds. We claim that each fi satisfies 

If for some i we have < e' + , then we must have (clog^ m)"'^'^ ^ / = (logm)*^^', for otherwise 
we would have Xi < /, contradicting our choice of e. Therefore, for such an index i, 



fi > (clog^m)"'^ > (logm)^^' = f^n) > fe'{ni). 



Otherwise, > e' + so 

' ' — logm 



fi > (logm)*-'' > (logm) V log™; = f,,{ni). 
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We have that for each 5 satisfying Q ^ S that > -^^ + ^ ~^ 9s s- ^'^^ each S satisfying Qi G 5, 
we have 

9s > max(gs, +9s,2,9s.3) > 9s.i + 9s,2- 

Similarly, if Q2 G S then g^ > g^ ^ + g^.^. Finally, for all S we have g^ > maxj g^ ^ . 
We have by the generalization of Holder's inequality (Lemma 17. ip : 



Has > n E^.. n ^ I E I n n ^s ' 

S S:QCS i S:QgS \ i \S:QCS S:Q<IS 

Therefore, we need only check that 

E n n * > 

i \S:QCS S-.QIS / 

Fix T G {^) so that TnQ = {Qi}. We get g^ > g^^ + g^^. 
Case 1: 01,02 > log^^^^m. The argument from the weak lower bound case applied here only gives: 

E n ^s,. n 3s] > E'^*'^^'^''^)- 

i \S:QCS S-.QgS J i 

The main idea behind solving this case is to observe that it is sufficient to gain a constant factor on 
either the largest or second largest term of the above sum. 
Consider: 

E n fe . n >- 

i \S:QCS S-.QIS J 

(5t,i + 9t,2) n I + (^T,i + 9t,2) n 3s,2 + n^s 



Si^T I \ S^T J \ S 



We'll handle the case (7^^ < g^^'i "^^^^ where g,^-^ ^ 9t2 ^ symmetric argument. Then, since 
9t 1 ~^ 9t 2 — '^9t 1 ' the previous is at least: 
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i S S 
> 5;n,/, + ((l + l)^/C=') -l)ni/i 

i 



1/2 



> E"»/^'("*)+ (2(^_2)) (log-'/'m)n/,,((log 



m]n] 



where the first follows from the induction hypothesis, the second follows from Claim 18.41 the third 
follows from the lower bound on ai, the fourth follows from the fourth fact about f^', the fifth follows 
from m > niQ, and the sixth follows from the second fact about f^'. 

Case 2: log^^/^ m > 02- In this case we have ai = 1 — {02 + 03) > 1 — 2a2 > 1 — 21og~^/^ m > 3/4. 
Again, the argument from the weak lower bound only gives: 

^ n 9s,^ n 3s] >^nj,>{ni). 
i \5:QC5 S-.QgS ) i 

The main idea behind this case is to observe that it is sufficient to gain either a factor of (1 + 802) on 

the first term (which is much larger than the others) or a factor of 4a2 on the second term. 

We will do the former if g^^/g^^ is large enough, and otherwise we may accomplish the latter. 

If 5^2 — I6(^~2)'^29ti' "^^ 

1 \VK) / si/C:;) 

E n fc. n * M n fc. n > 

i \S:QCS S:Q1S I \S:QCS S-.QgS I 



S^T ^ \ J J Q 



2Vs-2 



where the last inequality is by Claim 

We know fi > fe'{ni), so the above is at least: 



nife'ini) + 802^1/^/(^1) > ain/,/(n) + Sa2a\nf^i{n) > 
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(1 - 2a2fnf^i{n) + 4a2n/e'(n) > n/,/(n) = n/, 

where the first inequahty follows from the first fact about f^i and the second inequality from substituting 
lower bounds on a\. 

Otherwise, we have (7^2 — 16(^~2)'^25t 1 ' s° 

E n n 5s ^ n^s^^^^"^ + (5., n as, 

i \S:QQS S:QgS ) S \ S^T 

Then the latter term is at least: 

\"<"') / J y/C:?) 



where the third inequality follows from the upper bound on 02 and from m > rriQ and the fifth 
inequality from the first fact about /g/. 
Therefore, 

E n 9s, n 9s] >ll9S'-'K4n2fAn)>mfAni)+An2fAn)> 

i \5:QCS 5:QgS / S 

a\nf^i{n) + 4a2n/,/(n) > (1 - 2a2fnf^i{n) + 4a2n/,/(n) > n/,/(?i) = n/, 
where the third inequality follows from the first fact about /e'. 

Cases 3 and 4, Preliminary Discussion: These will be the cases in which none of the Vi are large. 
For these cases, we will take = \Vi\ and ai = n^/n. We will take Fi to be F restricted to Vi and 
take = . By induction, for each Fi there are appropriate choices of fi,€i,Vi, and wp^i. Take 
ai = {Vil- 

Since in these cases we have many indices, we will be able to apply the weighted Ramsey's theorem 
to appropriately selected subsets of them. The rest of the preliminary discussion for Cases 3 and 4 is 
based on doing so. 

For each non-negative integer i let li := [2*, 2*+^]. Take = {j : nj G /j}. The form a dyadic 
partition of the indices which will eventually determine how the indices are clustered when we apply 
the weighted Ramsey's theorem. Take B" := {i < log(nm~'')}. 

Take r = [log(2(log~^/^ m)n)J , so maxjn^ < (log~^^^m)n < 2^ < 2 {log~ ^ ^ m)n and ^{i) is empty 
for i > T. 

For any pair T,T' satisfying Q CiT = {Qi} and Q CiT' = {Q2}, take gi = Y\s^{TT'} 9s i^'^^ ~ 
9T,i^Pi = ^""^ 9 = ns^{T,T'}5's'0 = 9t^P = 9 J,,- Take Gt,t' to be the set of indices j with 
op > OjPjlog^((log"'^/^ m)2('^~*)/^)/32 where i is such that j € ^{i)- 
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Gt^t' is the collection of indices j for which g^^g^, is substantially larger than g^^g^, where the 
meaning of "substantially larger" depends on the size of rij. The following lemma states that almost 
all vertices are contained in some Vj as j varies over the indices of Gt,t'- 

Claim 8.5 EjeG^.^, > (1 " -^i)^- 

Proof: Take {V-}i<t to be a reordering of {Vi}i<t so that if i < j then g^^,g^, ^, < g^^,,g^, That 
is, the Vl are in increasing order based on the value of g,^y,g^,^,- Let gj,o'j,p'j,^{iy ,n'j,G'j,j„ be 
defined as before (so, for example, o'j = g^y,)- 

When we count, we wish to omit certain intervals that do not satisfy desired properties. Let 

B:={i<T: < 45^-^(log^/^m)2(^^^)/2|_ 

We will show that a large fraction of the vertices are not contained in U-ieB '-'i6*{j)'^') that is, most 
vertices are not contained in V- where j is an index in (f)[i)' for some i £ B. 

Yl Yl < E2*+'(45r'aog'/^m)2(--^)/2) = 85ri(logi/4m)2-/2^2^/2 < 

85^^(log^/^m)2^/24 . 2^/2 ^ 2,26^^ {\og^'^ m)T' < 645^^ (log"^/^ m)n < 5in/2. 

Thus, 

^ n'^<6,n/2 (2) 

For any fixed i < t such that i ^ B, enumerate as (pi^i, (j)i^2, ■ ■ ■ , 4'i,\^{iy\ with o'^_ p'^.. < 

o'^,. p'^,. if ji < j2- That is, this enumeration is so that the V^, ^, are listed in increasing order with 
respect to their o'jp'j values. Take /3j to be 0i,(i-5i/4)|<i>(i)'|. Consider {(Oj;Pj) : J £ *^*(^)'5J ^ ft}- By 
i ^ B, this has at least (log^^^^ m)2('^~*)/^ > M elements. We get by applying the weighted Ramsey's 
theorem to this set (with the coloring given by x) that: 

log2 ('(logi/4m)2(^-^)/2 
op>Opyp^ . 

For any j S $(?)' we have that if j < ft then o'jp'j < o'^^p'^^, so the above is at least o'^p'^ 32 -■ 

so j G Grp rpf . 

If i i? we get: 

|cI>(.)'|2Mi/2<| Yl ^'r 

Therefore, 

Y n'^>{l-h/2) Y 
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Thus, 

E "^-^E E -;>(i-V2)E E -^-^ 

{l-5i/2fn> (l-5i)n, 

where the third inequahty follows from ([2|). 

J2jeGj,r^, ~ SjeGj, ^i' ^^^^ completes the proof of the claim. 



□ 



Case 3: ai < log'^/^ m and Y^ieB" Eie-i>{i) - "Z^- any pair T, T' G (^) with T n Q = Qi and 
T' f] Q = Q2- The idea behind this case will be to choose some subset Ga of the indices so that as j 
varies over Ga the value of aj doesn't change, to intersect this set with Gt^t'-, and to use this to show 
that ris^s large. In this case, as in Cases 1 and 2, we will simply choose some j appropriately and 
take V = Vj and wp = tfpj. 

Note that Sj E [ (2) ] ' ®° pigeonhole principle there must be some value s so that 



E E -.2(0" E E".s(;)^v2. 

where the last inequality follows by the assumptions for Case 3. Take Ga to be the set of indices j with 
aj = a and, taking i to be the index with j G i is not in B"; by the above, X^jgc^ > (2) '^'n/2. 

Then take e = minigc^ ej + ^°fog{^''' ■ Note that this is the same as taking e = ej + '°fog(^''' where i is 
an index in Ga minimizing 



Xi := max I (logm) 



)^('"+^^^^),(clog2 mf'^ 



as all the Oj are equal to a. 

Take, with i as above, V = Vi and u;p = wp^j. Then, as in Cases 1 and 2, properties (1) and (2) 
hold. Furthermore, as in Cases 1 and 2, taking 



e' = max e. 



log ((clog' 



C log log m 



we have for i G Ga that /« ^ ft'in-i), and taking / = fe'{n), properties (4) and (5) hold. We need only 

check that property (3) holds. 
Then take G = Ga^\GT,T'■ 
We have 

E^.>^-E^j- E "^•^((2) /^"'^M''- ( (2) z^)''- 

Take gi = 1\s^{t,t'} 9s,vOi = gT^^,Pi = g^,, , and g = 1\s^{t,t'} 9s^o = g^,p = g^, . 
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We have: 



3 i iGGn$(i) 

i ieGn$(j) V / 
i ieGn$(«) 

-EE ^i/.'K-)log^^^^-^\(log^/^m)2("-^)/2)32-i/(::D 
j i6Gn*(j) 

> E E ri,/,,(2*)log2/(^=2)((logV4^)2(-0/2)32-i 
i i6Gn<i>(i) 



^ E E 8(;)n,/,,(2-) 
i ieGn$(j) ^ ^ 

> E E 8Qn,/,,(nlog^i/2^) 



i j6Gn<I>(i) 



> E E 4Q'ij/e'(n) >n/,,(n) = n/, 



where the second inequaUty follows from G C Gt^t'j the sixth inequality is by the third fact about /^z, 
the eighth inequality is by the fourth fact about f^i, and the ninth inequality inequality follows from 

m- 

Note that here we used only one pair T, T' ; we can afford to do this because we gain a large amount 
due to B" being small. In the next case, we will use all of the relevant pairs. 

Case 4: ai < log~^/^ m and XlieB" Sj6*{i) — ""Z^' ^^^^ ^^^^ there are many vertices contained 
in very small parts; this is the case where we will not simply take V to be some Vi- 

The idea behind this case is to choose a set Ga of many indices j with similar values of Vj,wpj, and 
Cj. We will be able to take wq = YljeGa ^Qj' '^^lich is a significant improvement over simply taking 
for some j each wp = wpj. We will intersect Ga with some collection of Gt,t' where each T with 
T nQ = {Qi} and each T' with T' Ci Q = {Q2} will occur exactly once (so we pair up the sets T,T' 
with T D Q = {Qi} and T' D Q = {Q2}', if an index is in Gt,t' then we have gained a large factor on 
that index). This allows us to lower bound Hs^s- 

We may partition [0, 1] into at most 5^^ + 1 intervals Jj of length at most 5q. Furthermore, we may 
partition [l,m] into at most 5q ^ + 1 intervals Hi with sup(ffj)/ inf(ffj) < . 

We partition the indices in Uies" *^(^) by saying two indices j, j' are in the same part if and only if 
ej,ej' are in the same interval Jj, Vj = Vj', and for each P £ Vj = Vj', wpj and wpj' are in the same 
interval Hi. 

Then the total number of possible partitions is at most 2^'2)[6q^ + 1)(2)+^. Therefore, there is some 
part Ga ^ UieB" *^(^) where 

j£Ga i£B"j&<S>{i) ^ 
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Then take eo = maxigc^ ei. Take wq = X^ieCa ^<9'* for P ^ Q take if;p = miiijgG^ wp^j. Take 
"P = ViL){Q} for any i S Ga- Take a = ["PI and note a < + 1 for any i G Ga- We check that property 
(1) holds. For each S with Q C 5, 

s-s > ^9s,^ ^ 5Z n - n 1^^^ ^^'i ='^Q n ^^^^ = n 

i i PCS ieGa PCS,Pt^Q^ " PCS,PjtQ PCS 

If Q <^ S then, fixing any i £ Ga, 

gs > 5s,, > n ^-P'* - n "^^wp^i = JJ wp. 
PCS PCS ' PCS 

Now, we choose e = i^'^^o + eo and check that property (2) holds: 

JJu;p = ^ WQ^i ^^P > X] WQ,i W {m~^°Wp^i) = 
P ieGa P^Q ieGa P^Q 

ieGa P ieGa 



where the first inequality is valid since for j, j' G we have wpj/wpji < m"^", the second inequality 
follows by choice of eo = maxjgG'^ ej, and the last inequality uses > 2(^~^)(5i which follows from 
1^ > niQ (mo is defined in Equation [1]) and the choices of 6o and 5i. 

Fix a bijection vr between {5 E (^) : 5 n Q = {Qi}} and {5 G (^) : 5 n Q = {(52}} (one such 
bijection takes any S in the first set and removes Qi and adds Q2-) Take G to be the intersection 
of Ga and all sets of the form Gs^tt{S) where S G satisfies S Ci Q = {Qi}. There are (^I^) pairs 
S,tt{S), so by Claim [2] we have 



ieG j&Ga S:SnQ={Qi}j^Gs, 



t(S) 



Note that if j G G then for any S with S Ci Q = {Qi}, since G C Gg^^(^s-j, we have 9^9^^^-^ > 
9sj9^(S)j log^((log"'^/^ m)2('^~*)/^) > gsj9^(s)j log^(2('^~*)/^) where i is such that j G <I)(i). However, if 
j G G then i G B" , so 



V2V ~ I nm-^ 



1/2 



m 



Therefore, log(2('^-*)/2) > S{logm)/A. 
This gives: 



E n n ^ E n n 

j \S:QCS S:QgS / jSG \S:QCS S:QgS 



> 
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Yi n ss., n 9s\ =Y.\ n 3s,, n 3s9.^s) 

j&G \s:\Qns\j^i 5:|Qns|=i / jeG \5:|Qns|7^i S:Qns={Qi} 



> 



jeG \5:|Qns|^i S:Qns={Qi} J jeG \ s / 

Y^njfj (<5(logm)/4)2(::?)/(::2) = ^n,/, (^(log m)/4)2'^ . 
jeG jeG 

Take /' = (logm)*^% /" = (clog^m)""' and / = max(/',/"). Note that f > f guarantees that 
property (4) holds and / > /" guarantees that property (5) holds, so we need only check that property 
(3) holds. There will be two cases, that in which f = f and that in which / = /". 

If / = /', for each j € Ga we have ej > cq — 6o, so fj > (logm)'-"^^''~^"\ Then we get: 

jeG jeG 

^7ij(logm)^('°+(2)^o) (^6{\og^/^m)/4y'^ > 
jeG 

5in(log m 

n(logm)^('o+(2)^°) = ?i(logm)^" = nf = nf. 
Otherwise, / = /". For each j G Ga we have fj > (clog^ mY"-~^^'^, as a < aj + 1. This gives: 

Y^njfj (<5(logm)/4)2'^ > n,(clog2 m)^'^-^)'^ (J(log ?n)/4)2'^ = 
jeG jeG 

{6/Af'^c-'^{clog'^m)'"^"^nj > {S/Af'^c-'^{clog'^m)'"^6i7i > 
jeG 

n{clog'^ m)'"^ = nf" . 



□ 



Take to be (Q if s < r — 1, r/2 if s = r — 1 and r is even, and (r + 3)/2 if s = r — 1 and r is odd. 
Take /o = (clog^ m)""'^. The following theorem states that either some is large or their product is 
large. 

2\ 

Theorem 8.6 If m > rriQ either Piss's — ("'-/o) or there is some S ^ R of size s with > 



Proof: Choose f,e,V,wp as given by the previous theorem, then we need only show / > /q. If 
e > (l6r(2)^) then we have Ge > 2Qd > 2aod so f > {logmf" > (logm)^"')'^ > /q. 

Otherwise, e < ^16r(2)^^ . Define a weighted graph on vertex set R where an edge e G (^) has 
weight log We- Note this graph has non-negative edge weights and if an edge is not in V, then it has 
weight 0. 
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By Lemma |8. 11 either this graph has at least oq edges or there is some set S on s vertices with 

If the graph has at least oq edges, then \V\ > ciq so f > (clog^ m)"^'''^, as desired. 
Otherwise, there is some S so that 



PC 

Then we have 



giog„,2 i+(4.(;)^) jfE'-^- 



(..(MDT')i^ a-..(..{M;)T')i 



m 



Wwp>Wwp >m ^ w (2) > 

PCS P 



where the second to last inequality follows from (1 + h){l — 6/4) > 1 + 6/2 for any 6 G [0, 1]. □ 
The previous theorem easily implies a general lower bound for the largest value of . 

Theorem 8.7 If m > mo, there is some 5 C of size s with > (m/o)^2)/(2) . 

/7 2\ 

Proof: By the previous theorem, either such an S exists or Ilscp — ("''/o) • this latter case, 
since this is the product of (^) numbers, there must be some S with g^ > (mfo)^"-^')^^'''^ = (m/o)(2)/(2) . 
□ 



Before we proceed, note that: 

^s-lj' \s-2j s-1 
We now simply rewrite the statement of the previous theorem in more familiar notation. 

Theorem 8.8 Every Gallai coloring of a complete graph on m vertices has a vertex subset using at 
most s colors of order Q. log'^'''^ 771^ ^ where 

s{r — s) if s < r — 1, 
Cr^s = { 1 if s = r — 1 and r is even, 
(r + 3) /r if s = r — I and r is odd. 

Proof: If s < r — 1 and m > mo, by Theorem 18. 71 the coloring has a subchromatic set of order at least 
77i(2)/(2) (clog^ nij^'^^^. As 2(2)^^ = s{s — l)f5f = s{r — s), this gives the desired bound in this case. 
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If s = r — 1, r is even, and m > mo, by Theorem 18.71 the coloring has a subchromatic set of order 
at least m^^l/i-i) {c\o^ rn)^^^'^^'^ . As 

, ,^A^/r^"\ s{s-l)r-s (r-l)(r-2) 1 

2(r/2) d = r4 r = r- / ' = 1, 

^ ' 'yijyij r(r- r(r-l) r-2 

this gives the desired bound in this case. 

If s = r — 1, r is odd, and m > niQ, by Theorem 18. 7|, the coloring has a subchromatic set of order at 
least m(^)/© (clog^ m) As 

. 3,/., (^) . , . 3)£|i^^ . „. . 3, <^zi)t_^_l_ . , 3)/. 

this gives the desired bound in this case. □ 



A Proof of Lemma 15.31 

For convenience, we restate both the definition of / and the statement of the lemma here: 

clog2(Cn) if < n < m^/^ 

/(n) := ) c2 log2(m^/9) log^{Cnm-^/^) if m^/^ < „ < ^8/9 ^ 
log'*(m^/^) log^(C?7,m~^/^) if m^/^ < n < m, 
where L> = 2^048^ C = and c = log-2(c2) ^ /)-i6/4_ 

Lemma A.l If m> C , then the following statements hold about f for any integer n with 1 < n < m. 

1. For any a G [i, l] , f{an) > af{n). 

2. For any ai, 02, as G l] such that ai = 1 we have, taking Ui = UiU, 

^/H -^nif{ni) < Y^^'>T'fi^)- 
i 

3. Fori>0 and m'^/^^ > 2^ > 1 we have /(2*) log^(Z)2^) > 512/(2*+f^). 

4. Forl<T <n< D'-^T, we have fir) > f{n)/2. 

5. For any a G ^] , f{an) > 16a/(n). 

Proof: Observe that f{n) has two points of discontinuity: po = m^/^ and pi = m^/^. Recall that the 
three intervals of / are (0,po]) (PO)Pi]) name these /o,/i,/2, respectively. 

If t is either or pi, then we have f+(t) := lim„_^(+ /(n) < lim„_^(- f{n) =: f^{t). 

Observe further that if n is in some interval I of f then for any t G / we have f{t) = jlog^{6t) for 
constants 7, 6 with 6t > C. 



32 



Proof of Fact 1: We first argue that it is sufficient to show Fact 1 in the case that both n and an 

are in the same interval of /. Intuitively, the points of discontinuity only help us. If n is in 7i, an is 

in Jo, and we have shown Fact 1 holds when n and an are in the same interval, then 

an an an pQ 

f[an) > — /+(po) > — f~[Po) > f[n) = af{n). 

Po Po Po ri 

The case where n is in I2 and an is in Ii and the case where n is in I2 and an is in Jq hold by essentially 
the same argument. 

We next show Fact 1 in the case that both n and an are in the same interval / of /. We have, 
choosing 7 and 5 to be such that f{t) = ^\o^{5t) on /, that 

f{an) = 7log^(a(5n), 

af{n) = 7alog^((5n) = 'y{^/alog{6n))'^ . 



consider the first derivative with respect to a; we will show that it is negative for a > i^pj^- The first 



Thus, it is sufficient to show that log{a6n) — ^/alog{6n) > 0. Note equality holds if a = 1. We 
consider the f 
derivative is: 

2 - y/^ln{5n) 



^-27^^°^^'^")- aln(4) 



Note the above is negative if 2 — ^/a\n(6n) < 0, which is equivalent to a > 

Th 

then, 



ln2(<5n) ■ 

Therefore, for a G 



4 1 

In^ (Sn) ' 



, assuming an G I, we have f{an) > af{n). If a < ^^2^^^^ with an G / 



lnW^°^'^^"^ = h4) 
where the first inequality follows by the assumed upper bound on a and the last one by an in / (and 
so 6an > C). 

Proof of Fact 2: Let 7, 5 be such that for t in the interval Ij containing n we have f{t) = 7log2((5t). 
We define a new function /2 whose domain is [n log~^ C, n]. For any t in the domain of /2 that is in Ij, 
we define f2{t) = f{t), and for any t in the domain of /2 that is not in Ij, we define f2{t) = 7log^ C. 
If there is some point t in [nlog~^ C,n] that is not in Ij, then t must be in Ij-i, as t > nlog~^ C > 
Pj-i\og~^ C > Pj~2- Then note we have chosen, for t not in Ij, f2{t) = f+{pj-i). Therefore, /2 is 
continuous. Also, tf2{t) is convex (this is easy to see by looking at the first derivative). The main idea 
behind the proof will be to replace / by /2 and then apply convexity to get the bounds. 

We claim f{t) > f2{t) for all t in the domain of /2. If t is in Ij, then f2{t) = f{t)- Otherwise, t is in 
Ij-i- For any t G [nlog~^ C,n\, note that 5t > Jnlog^^ C > Clog^^ C. Therefore, 

fit) = , 2? 4/9^ ^ogHStm'^') > , 2? 4/9, (^'^'Clog-' C = f2{t), 

clog (m^/^j clog [m^/^) V / c 

where the first equality follows by t G Ij-i and the first inequality by 6t > log~^ C. 

Take S = {i : ai > log~^ C}. For i €z S we have a^n is in the domain of f2- Take k such that 
I]ig5 cxi = K. Since Oj = 1, k = 1 - X]j^5 > 1 - 31og~^ C. Hence, 

^n^f{ni) > ^nif{ni) > ^ni/2(ni) > X] jf| "•^2 ( j^^J = 

i i£S ies ies ' ' VII/ 
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i^n'f2 (j^^^ - ^"'/2 — — —n^ > Knf2{n/4:) > K7nlog^((5n/4), 

where the third inequahty foUows Jensen's inequahty apphed to the convex function tf2{t) and the 
fourth inequahty holds since /2 is an increasing function. 
This gives 

Knf{n) — nif{ni) < K,'ynlog'^{6n) — K7nlog^((5n/4) = K7n(log^((5n) — log^(5n/4)). 
ies 

We now consider 

log^(5n) - log^((5n/4) = (log(5n) + log(5n/4))(log((5n) - log((5n/4)) < 2 log((^n) log 4 = 41og((5n). 

Noting that log(5n) > logC, we get 

K7n(41og(5n)) < ■; — 7nlog^(5n) = 7::inf{n). 

log C log C 

Thus, 

nfin) - ^ nif{ni) < (1 - K)nf{n) + Knf{n) - ^ nif{ni) < 

1 ieS 

14 8 

771 + ] T^'^fi^) ^ ] 7^nf{n). 

2 log C log G log G 

Proof of Fact 3: Take 7, 6 such that for t in the interval of / containing 2* we have f{t) = ■jlog'^ (St). 
Take f = |j. If 2* and 2*"*"-'' are in the same intervals of /, then we get 

f{2')log\D2^) = 7log2(52^)log2(D2^) = jlog^{2'+^°^^)log'^{2^+^°^^) = 

7log2(2(j+'°s^)(^+'°S'5)) > 5127log2(52^+j') = 512/(2*+f J), 

where the last inequality follows from i + log 5 > log C > log D and j + log D > log D. Therefore, 

(j + log D)ii + log S) > + i + log 5) > i^(2j + i + log <5) > 512(j' + ^ + log 5). 

If 2* and 2*"^-^ are in different intervals of /, then they are in adjacent intervals since 2J < 
Therefore, 

f{2'+^i) = f{2'+^') = c7log2(m^/9)log2(5m-^/92^+^') < 07 log2(52^) log2(2-'') < 
2c(7log2(<52^)) log2(2^) < -L/(2^)iog2(2^) < -L/(2*) iog2(252^), 

where the first inequality follows by the fact that ii aQ > ai > bi > bo > 2 and if ao6o = o-ibi then 
(log ao) (log 60) < (log ai)(log fei). To see this last fact about logarithms, one may take the logarithm 
of both sides and apply the concavity of the logarithm function. 

Proof of Fact 4: Choose 7, 6 such that for t in the same interval Ij as r we have f{t) = 7log2(5f). 
If n and r are in different intervals of /, then n must be in Ij^i as n/r < < m^^^. Furthermore, 
for n and r to be in different intervals, we must have D^6t > Cm^^^ and so 6t > m^/'^ . This gives: 

fir) = 7log2(5r) > 7log2(m4/9) > c\og^{m^/^)^\og^{CD^) > 
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clog^(?n^/^)7log^((5m '^/^n) = f{n), 

where the second inequaUty fohows by CD^ < and c = log~^(C^). 
Otherwise, r and n are in the same interval. Then 

/(n) = 7log2(5n) < 7log2(5Z?V) < jlog\{6T)^/^) < 2jlog\6T) = 2/(t), 

where the second inequahty fohows hy 6t > C and C^/^ > D. 
Proof of Fact 5: Let a < ^ be given. Consider: 

16a/(n) = ^(32a/(n)) < ^/(32an) < /(an), 

where the first inequahty is by the first fact about / and the second inequahty is by the fourth fact 
about /. 

□ 

B Proof of Lemma 18.11 on discrepancy in weighted graphs 

We argue that if a weighted graph on r vertices deviates in structure from the complete graph with 
edges of equal weight and if s < r — 1, then there is some set of vertices S of size s so that the sum of 
the weights of the edges contained in S is substantially larger than average. 

Lemma B.l Given weights wp for P G with wp > 0, take w = ^pWp. Then if s < r — 1, if 
some Wp differs from (2) w by at least F, then there is some S C. R of size s satisfying X^pcs'^^f — 
(2) (2)^ 

(2) Ks7 

Proof: We will directly handle the case s = r — 2, from which the other cases will follow. We 
are interested in finding an S* C i? of size r — 2 with a large value for the total weight of edges in 
S. For each S we give this value a name: Zs = Y2pcs'^P- ^o^e that Z5 is closely related the 
following: for Q G (■^), define Yq to be the weight of edges incident to at least one vertex of Q: 
= Spe(^) pnQ7^0 '^^^'^1 if '^^ take S to he R\Q, we have Yq + Zs is the total weight of all the 
edges. Thus, to show that there is a large Zs, it is sufficient to show that there is a small Yq. Towards 

(R\ 
2] uniformly at random; we will now compute the variance of Yq. 

Take, for P £ (^) , Xp to he wp ii P H Q ^ 9 and otherwise. Then, taking w = Ylp'^P^ S^t 

2r — 3 

E [Xp] = Pi[P n Q / ^wp = ^^wp. 
By linearity of expectation, we have 

2r — 3 2r — 3 

and 

P6(f) P'6(f) 
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E [Xl] +Y E ^ [XpXp,] + ^ E [XpXp,] , 

P6(f) t'ei?(pp,)g^fl^2.,^,gp^^gp, p_^p, (pp,)g|-fl)2.pnp,^0 

where the last equaUty fohows by partitioning the pairs P, P' into those which are equal, those which 
are distinct but intersect in some vertex and those which are disjoint. 
We now look at these terms individually. 

E [Xl] = Pr[P n Q / %]wl = '^^j^wl. 



For P = {v, u},P' = {v, u'} distinct and intersecting, the event PDQ ^ 9 and P' OQ ^ 9 can occur if 
either v Q or Q = {u,u'}; the first of these has probability and the second has probability ypr, 

and they are disjoint events. So, if P and P' intersect in a vertex we get: 

r 

E[XpXp/] = j^wpwp'. 

If P, P' are disjoint, then for XpXp' to be non-zero we must have that Q has an element from P and 
an element from P' , which occurs with probability -j^, so in this case: 



E[XpXpr] = Jp-WpWpi. 

{.2) 

Therefore, taking for v £ R the (weighted) degree d{v) to be X]pg(^)-„gp ^-Pj ^ 



y2 



is equal: 



E2r — 3 2 X — ^ 



2r-3 sr^ 

[2) p,(.) 



E -7^WpWp,+ Y -J^WpWp, 



r 

' ueP 





\ 










- E -p 


4 




E 


V 


P6(«);.6P y 









= E «^P + -mZ^^(^) -27?Y E ^P+n"' -TnE'^^^) + Tn E "'P 

I2; pg(-fl^ I2; ^eR I2; pgJ^fl-J \2) \2) y^R \2) pg^fl-J 

4 2 1 2 r — 4 2 

[2) {2) pg(«) ^2/' v&R 

Note that is minimized subject to the constraint J2v£Rd{v) = 2w when the d{v) are 

pairwise equal by the Cauchy-Schwarz inequality, so X^^igp (^("w)^ > YlveR (t^) ' ^° above is at 
least 



-w 



(2) (2) 



1 \ - 2 r - 4 X - 

+ 7n E ^p + wE 



(2) t,e_R ^ ^ ^ 



4 2^1 V- 2^^-4/2u; 



- 4 /2w\^ 8r - 16 



It; 



(2) V - ; rQ Q 



+ A E ^p- 
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The variance of Yq satisfies: 



Note we may rewrite the variance as: 

Var (Yq) > wl- -^w^ = Var (wq) . 

If some wp is far from w/ij^} = E [wq], then the variance will be large. Assume that for some P' 
there is a non-zero real F so that wp' = w/^^) + F. Note Var (Yq) > Var (wq) = E [(tt^g ~ ^/(D] 
and that (u;q — ^^/(Q)^ is a non-negative random variable. If Q = P' (which occurs with probability 
(2) ) then this random variable has value -F^, so its expectation is at least (2) F^. That is, the 
variance of wq is at least (2) F'^. 

Thus, there must be some Q so that 



2r - 3 

IT 



Yq 



^7y — ^ / ' J smi;t; Liiens are ^^2^ uiiicrent Yq and the average is ^ — ^^Ty- 

■-3 -F / /r" 



If Yq — ^'^^^J^^'^ > F/r, since there are (Q different Yq and the average is ^^^y^y^, there must be some 
Q' so that 

Yq, ^w<^^^ _<_(^( ]] F. 



The other case is that 

ij^" -"('■(0) 

Therefore, there is some Q with Yq < _ 

Define S = R\Q. We get Zs + Yq = w so Zs = w — Yq. By the above, there is some S with 



(2r - 3)w - F/r _ ('V)^ + ^/^ 



Zs > w 



Taking S as above, choosing a random S' G (^), we get that E [Zs'] > /r-^N ^ /r\ • Therefore, 

there must be some 5" G (■^) with 

(9) (9)^ (9) (9)^ 



(2) KDr^^)-© rQ'- 



The case where s < r — 1 in Lemma 18.11 is an immediate corollary. 



□ 



Lemma B.2 Given weights wp for P G (^) with wp > 0, take w = ^pWp. If s < r — 1, then either 
there are at least (2) pairs P (i.e. all of them) with wp > or there is some S ^ R of size s satisfying 
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Proof: Assume there is some P' with wpi = 0. We may apply the previous lemma with F = w/ {J^, 
since wpi differs from w/ (2) by F. This gives that there is some set 5 C of size s satisfying: 



PC5 



2' 



-1' 



□ 



The following lemma states that if in a weighted graph there is a vertex whose degree deviates from 
the average, then there is a set S ^ Roi size r — 1 so that the sum of the weights of the edges contained 
in S is substantially larger than average. 



ne 



Lemma B.3 Given weights wp for P S (2) with wp > 0, take w = '^pWp. For v ^ R, defi' 
:= Ylp-v&p'^P- there is some v £ R for which d{v) differs from 2w/r by at least F, then there 

is some S <^ R of size r — 1 with X^pcs '^P — /r\ + F/^- 

~ [2) 

Proof: Choose a vertex v for which \d{v) — 2w/r\ > F. If d{v) < 2w/r — F, then we may take 
S = V \ {v}. This gives: 

^wp = w- d{v) >w - {2w/r -F) = ^-4r^w + F> ^-^w + F/r. 
PCS vsj (2; 

Otherwise, we have d{v) > 2w/r + F. Since d{u) = 2w, 

^ci(ti) < 2w- {2w/r + F) = ((r - l)/r)2w-F. 

Since the average is 2w/r, there is some u with 

d{u) < (^^^^^2w - F^ /{r - 1) = 2w/r - F/{r - 1) < 2w/r - F/r. 
We may take S = V\ {u}. We get: 

rr-l\ 

uip = w - d{u) >w- {2w/r - F/r) = -^-j^w + F/r. 

(2) 



PCS 



□ 



A strengthening of the case s = r — 1 and r is even in Lemma 18.11 is a corollary. 



Lemma B.4 Given weights wp for P G (^) with wp > 0, take w = ^pWp. Either there are at 
least r/2 pairs P for which wp > w/r"^ or there is some S R of size r — 1 with X^pcs^P — 



Proof: If there are fewer than r/2 pairs P for which wp > w/r"^ , then we must have that there is 
some vertex v not adjacent to any such pair. For this v, d{v) < (r — l)w/r'^ < w/r. The previous 
lemma gives that there is some set S of size r — 1 with: 



PC5 



(2) -V " V / (D 



-w. 
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□ 

Finally, we prove a strengthening of the case s = r — 1 and r is odd in Lemma 18.11 

Lemma B.5 Given weights wp for P G (^) with wp > 0, take w = ^pWp. If r is odd either 
there are at least (r + 3)/2 pairs P for which wp > or there is some S R of size r — 1 with 



/1 IN 



Proof: Assume there is no 5" C i? of size r — 1 with Xlpcs^'f ~ (^''^ ~'~ ('^'^(a)^) ^ ^ w. In this 
case there is no 5 C of size r — 1 with X^pcs^P — ('r\ w + w/{4:r^), as this latter term is larger 



than [1+ {ArQ^ 



-w. 



Q 

We define an unweighted graph G = {V, E) by taking V = R and a possible edge e € (^) is in E if 
and only if We > w/(4r^). By the previous lemma, G has at least r/2 edges e satisfying We > w/r'^, 
and, indeed, the proof of the previous lemma shows that every vertex must have degree at least 1. 
Since r is odd, G must have at least (r + l)/2 edges e with We > w/r'^, and so it must have some vertex 
V incident to two such edges. 

Fix two neighbors vi,V2 of v so that w^^^^-^^y and w^y^y^} both have weight at least w/r^. We claim that 
both vi and V2 have degree at least 2 in G. Assume at least one of them, without loss of generality vi, has 
degree one. We must have d{v) < 2w/r+w/{2r'^), for otherwise we have a contradiction by Lemma [B. 31 
However, this gives that, since W{v,v2} ^ w/r'^, we must have w^^^^-^y < d{v) — w^^^^^y < 2w/r — w/{2r'^). 
Then all other P incident to vi have weight at most w/{Ar^), so 



w 



{v,v^} < W{^^^^y + (r - 2)w/{Ar^) < 2w/r - u;/(2r^) + rw/{Ar^) = 2w/r - u;/(4r^). 



Then by Lemma lB.31 we have reached a contradiction. 

Therefore, we must have that there are at least 3 vertices of degree 2 in G and that every vertex 
has degree at least 1. Then the sum of the degrees is at least 6+(r — 3) = r + 3 and so the number of 
edges of G must be at least (r + 3)/2, as desired. □ 



C Proof of Lemma 18.31 

For convenience, we restate both the lemma and definition of fe here: 

= (logm) V '"s™ /, where a = i/n. Recall also rriQ from Equation [TJ 

Lemma C.l The following statements hold about f^ for every choice of e > 0, n > 1, and m > niQ. 
1. For any a G [i, 1], 

f,{an) > ai/(2(^=^))/,(n). 

In particular, f^{an) > afe{n). 
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2. For any a\,a2,0fi G 1] with ai + 02 + as = 1, taking rii = ain, 

ife{n) < ^ nj.im) + 3(log^3/4 



nje[n) ^ 2_^nij^[ni) + 6[log ' m)nje[n). 

3. Fori>0 and > 2^ > 1 we have f^{2') log^/^^-') ((log^/"^ m)2J) > 256Q f,{2'+'^^). 

4. For any a > log~^ m, fe{an) > f^{n)/2. 

Proof: 

Proof of Fact 1: Note 

C ( C I ) Q lo^_a_ ^ Q log log m 

/e (an) = (log m) v logmy = (logm) i°s™(logm) = a /e(n). 

Since < a < 1, it is sufficient to show that (7(log logm)/ logm < ^2 (^"2)) . This holds because C, 
log logm and 2(^~2) ^-^^ at most log^^^ m, since m > mg. 

Proof of Fact 2: Note that the function ife{i) is a convex function of i. Indeed, 

f,{i) = (logm)^'(logm)(l°s^)/l°g'" = ^logrnf^ii^oglogm)/logm^ 

That is, /e(^) is a polynomial of degree greater than in i, so ife{^) is a polynomial of degree greater 
than 1 in i and so is convex. 

Take S = {i : ai > log~'^/^ m}. Take k such that X]jg5 on = k. Note k > 1 — 21og~^/^ m. 



f f ^ \ f /l-21og-im \ 

where the second inequality follows by Jensen's inequality applied to the convex function 1/^^(1). 
This gives 

Knfe{n) - '^Uifeiui) < Knf^{n) - Kn/^(n/4) = Kn{f^{n) - f^{n/A)). 
ies 

We now consider 

U7i) - fe{n/A) = {loginf' - (logm)^('+^^^) = (logm)^^ (l - (log m)-2^/'°sm^ ^ 
The second factor satisfies: 

1 — (log ?n) = 1 — 2~2C(log logm)/ logm ^ 

1 — (1 — 2C(log logm)/ logm) = 2C(loglog?n)/log?Ti < log~'^/*^m, 

where the first inequality follows by 2^ > 1 + rr for x < 0. 
Thus, 
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n/e(n) - ^ni/e(ni) < (1 - K)nf,{n) + Knf,{n) - '^nif{ni) < 

i ieS 

2(log^^/^ m)n/,(n) + (log^^/^ m)n/,(n) < SOog^^/"^ m)n/,(n). 

Proof of Fact 3: We prove a slightly stronger statement. Take / = j + ^ (log log m) so that 2^' 
{logm)^/^2^ . We will show that 

/,(2^)log2/(^")(2^')>/,(2^+2^'). 

This is indeed stronger than the original statement as /e(^) is an increasing function of i. 
Consider 

. log(2Vn)\ . , 

/e(2*) = (logm) V / = (logm) (logm) i°g™(logm) logm. 



Similarly, 

/e(2*+2^ ) = (logm)'^'(logm)^i°g™ (logm) ^log™ 
Therefore, it is sufficient to show that 



or equivalently that 



(logm) las'" log i\!>-'ii(2? ) > 256( jllog"^) 



log2/(I-2)(2J') > 256fM(logm)'^i^. 



Taking logarithms of both sides, we see that it is sufficient to have 

2(log/)/(^l2) ^2C/(loglog"i)/(logm) + log (256^) , 

or equivalently 



2(log/)/(^^ _ 2) - 2C/ (log logm) /(logm) - log (256(2)) " 

We consider the first derivative of this with respect to j': it is 2(ln(2)j')~^/ (^12) — 2C(loglog m)/(log m). 
Note this derivative is monotone decreasing for j' € [l,oo), so the minimum of 2(log j')/(^~2) ~ 
2C/ (log logm) /(logm) — log (256(2)) be achieved at either the largest or smallest possible value 

of j'. We have assumed m^log^^^m > 2^' > log^'^^^m, so 25 logm > (5(logm) + (loglogm)/4 > j' > 
(loglogm)/4. We consider the two extrema. 

If j' = (loglogm)/4: 

2 log((log log m)/4)/ (^ _ 2) ~ ^ log^(log m)/(log m) - log ^256 (^) ) > 

2 log ((log log m)/4)/ (^ " - 1 - log (256 (^) ) > 0, 
where the last inequality follows from m > mg. 
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If j' = 26 log m: 



21og(251ogm)/r ^ j -45C(loglogm) - log (256^ 



21og(2<51ogm)/(^^ _ ^) - (loglogm)/(^^ _ ^) - log (256(2)) " °' 
where the last inequality follows from m > rriQ. 

Proof of Fact 4: Since is increasing, it is sufficient to show this for a = log""*^ m. Then 

/e(log-im) = (logm)^(^"(l°sl°§™)/(l°S")) = 
(logm)^^2-(l°gl°g'")'/l°g"^ > (logm)^^2-^ = Un)/2. 

□ 



References 

[1] N. Alon, J. Pach, and J. Solymosi, Ramsey-type theorems with forbidden subgraphs, Combina- 
torica 21 (2001), 155-170. 

[2] K. Cameron, J. Edmonds, and L. Lovasz, A note on perfect graphs. Period. Math. Hungar. 17 
(1986), 173-175. 

[3] M. Chudnovsky, The Erdos-Hajnal conjecture - a survey, submitted. 

[4] M. Chudnovsky and S. Safra, The Erdos-Hajnal conjecture for bull-free graphs, J. Combin. Theory, 
Ser. B 98 (2008), 1301-1310. 

[5] F. Chung and R. L. Graham, Edge-colored complete graphs with precisely colored subgraphs, 
Combinatorica 3 (1983), 315-324. 

[6] P. Erdos, Some remarks on the theory of graphs. Bull. Amer. Math. Soc. 53 (1947), 292-294. 

[7] P. Erdos and A. Hajnal, Ramsey-type theorems. Discrete Appl. Math. 25 (1989), 37-52. 

[8] P. Erdos and G. Szekeres, A combinatorial problem in geometry, Compositio Math. 2 (1935), 
463-470. 

[9] J. Fox and B. Sudakov, Density theorems for bipartite graphs and related Ramsey-type results, 
Combinatorica 29 (2009), 153-196. 

[10] S. Fujita, C. Magnant, and K. Ozeki, Rainbow generalizations of Ramsey theory: a survey. Graphs 
Combin. 26 (2010), 1-30. 

[11] T. Gallai, Transitiv orientierbare Graphen, Acta Math. Acad. Sci. Hungar 18 (1967), 25-66. En- 
glish translation in |16j . 

[12] A. Gyarfas and G. Sarkozy, Gallai colorings of non-complete graphs, Discrete Math. 310 (2010), 
977-980. 

42 



[13] A. Gyarfas, G. Sarkozy, A. Sebo, and S. Selkow, Ramsey-type results for Gallai colorings. J. Graph 
Theory 64 (2010), 233-243. 

[14] A. Hajnal, Rainbow Ramsey theorems for colorings establishing negative partition relations, Fund. 
Math. 198 (2008), 255-262. 

[15] J. Korner and G. Simonyi, Graph pairs and their entropies: modularity problems, Combinatorica 
20 (2000), 227-240. 

[16] F. Maffray and M. Preissmann, A translation of Gallai's paper: 'Transitiv Orientierbare Graphen', 
In: Perfect Graphs (J. L. Ramirez- Alfonsin and B. A. Reed, Eds.), Wiley, New York, 2001, pp. 
2566. 

[17] F. P. Ramsey, On a problem of formal logic, Proc. London Math. Soc. 30 (1930), 264-286. 

[18] D. Seinsche, On a property of the class of n-colorable graphs, J. Combinatorial Theory Ser. B 16 
(1974), 191-193. 



43 



